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ABSTRACT
In this dissertation, the incremental analysis of the in-
elastic, quasi-static deformations of steel structures and their com-
ponent parts is studied in the light of the variational rate principles
of mechanics o Separate sections are devoted to the analysis of beam-
columns and of multi-story frames, and the results are used in the
interpretation of three multi-story frame tests conducted as part of
the studyo
The principle governing the instantaneous rates of deforma-
tion of a solid body is derived without reference to the stress-strain
relationshipo The use of this principle in an incremental analysis of
structures exhibiting material and geometrical non-linearities is dis-
cussed o A review is made of the various forms in which rate principles
have been stated in the literature, especially in the framework of the
theory of plasttcityo An example is given of the use of the principle
in the study of the effects of geometry-changes on the post-yield be-
havior of a rigid-plastic column. As another example, linear expres-
sions are derived for the curvature-rate and extensional strain-rate
of plane, curved structural members under large deformations.
A preliminary investigation is described on the verification
of the assumption of linear strain distribution in the uniform bending
-1-
-2-
of partially yielded wide-flange beams 0 The approximate analysis
indicates a likelihood for non-linear flexural strain distributions o
A new formulation of inelastic beam-column analysis, based
on the variational method, is presented. The advantage of this formu-
lation over existing ones is the possibility of accounting for the
hysteresis behavior of the inelastic moment-curvature relationship.
Thus, a history of loading involving curvature reversals can be easily
accommodated 0
The incremental elastic-plastic analysis of plane~ rec-
tangular, multi-story steel frames is discussed from the point of
view of the instantaneous rates of deformation of the components of
the frame. It is proposed that the hi.story of end-displacements of
the members, as found from an analysis using the di.screte-hinge con-
cept, be utilized in checking the adequacy of the design of the more
heavily loaded members of the frame 0
Three tests on full-size 3-story steel frames are described~
Test results are interpreted in the light of the analyses presented
in the previous sections. This series of tests shows good agreement
between calculated and observed behavior o
1 0 INCREMENTAL ANALYSIS BY :MEANS OF RATE PRINCIPLES
1.1 INTRODUCTION
Problems encountered in Structural Mechanics usually require
the determination of the functions describing the spatial positions
reached by points of a solid body at the end of a loading process o
The initial positions of these points, and the details of the loading
process are given data o The process of loading may be specified as
the application of a set of forces of given magnitude, or the imposi-
tion of displacements of given magnitude at selected points of the
body, or both o The stress-strain relationships of the various elements
of the body are also specified for all possible states of stress which
the element may undergo during the processo These relationships may,
in general, be nonlinear 0 Furthermore, in certain problems, the expres-
sions relating the strain of the elements to the displacement of points
of the body are also found to be nonlinear:J requiring a "deformed
geometry" formulation of the equationso These factors oft.en make it
difficult to obtain analytical solutions of practical usefulness o In
inelastic beam-column problems for instance, where both types of non-
linearity are encountered, numerical methods have, of necessity, re-
ceived the largest share of attention,1,2 although the use of speci-
ally selected moment-curvature expressions have enabled some investi-
gators to arrive at a closed-form solution. 3 These solutions are
periodic functions of the length of the member, and a complete treat-
-3-
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ment requires further manipulations in the case of a member of arbi-
trary length with arbitrary boundary conditionso In addition, these
solutions assume a monotonically progressing loading historyo
It is then worthwhile to attempt a solution which restricts
attention to a sufficiently small interval of the loading process, in
which the interrelations between the variables can be considered linear.
Having obtained a solution for this small interval, the response to the
complete loading process may be found by integrationo In order to find
the solution for a small interval of the loading process, it will be
necessary to use the current state of the body as given data o Hence,
at each step of the general solution, the variables defining the current
state must be incremented 0 These include changes in the geometry of
the body and the state of stress throughout the bodyo
Given the current state of the body, the solution for the
next increment of loading will be found by the usual considerations of
equilibrium, compatibility of strains, and fulfillment of boundary con-
ditions, all of which will be formulated for small increments of stress,
strain, and displacements; the current total stress, strain, and dis-
placement, being held as constants 0 In the case of beam-columns or
thin plates, this procedure will result in linear differential equa-
tions with variable coefficients; the variation of the coefficients
reflecting the current state of stress of the body at its various
pointso
To illustrate the computational advantage gained by adopting
an incremental approach, consider the simple problem of a taut elastic
-5-
Variational prin-
string being depressed at its center by a force acting transversely to
its axis at the mid-point o The force-deflection relationship is then
found to be a transcendental equation o If the string has nonlinear
elastic properties, the relationship is even more complicated 0 How-
ever, the increments of deflection are related to the increments of
load linearly (by an equation defining the local tangent to the total
response curve)o
An approach which is formally equivalent to the one outlined
above is to formulate and solve a variational problem for the incre-
mental state of deformation. The variational equivalents of the bound-
ary value problems for the final state of strain in an elastic body are
4
well known, but similar principles for the incremental strains are
less commonly used, although they have been established for every case
of stress~strain law of practical importance. 5 ,6,7
ciple governing incremental states of deformation are called "rate
principles o"
It is the purpose of the subsequent sections of this Chapter
to review, and in some cases, rederive, rate principles for e1astic-
plastic bodies, and, in particular, to establish their form for the
case of slender rods (beam-columns) 0 In Chapter 2, an example of
their application will be given by examining the profile of the strains
across the web of a partially yielded beam, and in Chapter 3, another
example will be presented, dealing with the planar deformations of an
elastic-plastic beam-column under arbitrarily prescribed motions at
its ends o In Chapters 4 and 5, an incremental analysis for plane
frames will he outlined, and its results compared wi.th experimental
findings.
102 THE RATE PRINCIPLE AND ITS RELATION TO THE PRINCIPLE OF
MINIMUM TOTAL POTENTIAL
The principle of minimum total potential is a criterion
which distinguishes the actual set of total deformations a solid body
undergoes during a given loading process, from any other admissible
set of deformationso "Admissible set of deformations" refers to any
deformation field which satisfies the boundary conditions on displace-
ments wherever these are prescribed, and which respects the continuity
of the material at other points o The latter condition is automatically
fulfilled by adopting continuous functions for the displacement expres-
sions, but in the case of rigid-plastic solids, the condition of in-
compressibility of the material must also be satisfied o
It is natural to expect that a rate principle will be deriv-
able from the principle of minimum total potential o Considering two
adjacent states of the body during the loading process, and applying
the principle of minimum total potential to the second state, then
subtracting the total potential calculated for the first state, an
extremum principle is obtained which governs the transition from the
first to the second state o
The derivation outlined above will now be carried out for a
solid of unspecified stress-strain law. It is merely required that,
273.45
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whenever displacements are prescribed at points on the boundaries of
an arbitrarily small element of the body, the forces which, acting at
these same points do produce such a displacement, can be calculated by
some means. For convenience, the notation used by Cq Libove in Ref. 8
will be adopted 0 Libove's derivation leads to a principle of "total
complementary energy" which is valid for large displacements o By mak-
ing appropriate changes in the definition of admissible states, it is
possible to first re-establish the principle of total potential energy
in this notation, then to derive the rate principleo
The body is assumed to be divided in small elements whi.ch
interact at their common boundaries. Only two such elements are shown
in Fig. 1. There are as many interaction-force vectors
-)
f ~ ,
~
act-
ing between the elements as it will be necessary to describe fllily the
state of the body after deformationo The locations of the points of
application of these forces is given by their position vectors ....So 0
1.
The externally imposed boundary displacements are defined
by their position vectors
~
Finally, given load vectors Qk act
at other points of the boundary 0 An admissible state is defined as
one which takes the points of specified boundary displacement to the
locations ?b' which maintains continuity at boundary points between
the elements of the body by displacing both elements to the arbitrary
locations -.+,s.
~
at these points, and which displaces the points of
application of the external loads to the arbitrary locations
Quantities belonging to the admissible state are denoted by a prime.
From the deformations associated with an admissible state, and the
-8-
stress-strain laws, it will be possible to calculate the stresses
~ ~ ~
throughout the body, and, in particular, the forces Qk' fi, Rb"
of the admissible state o The load vectors implied by tb.e
~
admissible state do not have to match the given loads Qko
~
The work done by a force f mO'ving from A to B is de-
B ~ -+ ~fined as f f.ds where s is the position vector of the point of
A
....::,
application of f o The strain energy of an element of the body is de-
fined as the work done by all forces acting on this element dur-
ing the process of loading o The strain energy (SoE~) of the body is
the sum of the strain energies of its elements ° For the purposes of
~
this discussion, which is limited to gravity-type loads Qk the total
potential energy of any admissible state of the body is defined as
(1.1)
in which the strain energy is calculated from the primed displacements
and forces belonging to the admissible state j as shown in Fig. Ie.
An infinitesimally close admissible state is now considered
by taking the variation of the quantities
ing variation of SoE o is
and The correspond-
= (1.2)
The forces
-+
R'b do not enter this expression since
-+or ::: 00b But,
273.45
Using Eq. 1 0 2, this becomes
-9-
+
-T'
~ (Q ~
k k
,.1 ;
Now, if the admissible state is indeed the actual final state of the
body, then the various elements must be in equilibrium, and the stress
resultants
a+Q' at pointsk k must be in equilibrium with the applied
In this case,
-+ ~
f' = -g~i ~ This leads to
which expresses the fact that the admissible state which coincides with
the actual final state makes the ToPoE q an extremum.
Now to arrive at a rate principle~ consider two infinitely
close, consecutive final states, A and Bo If state B is given
admissible variations and state A is held constant~ then
hence
an extremum
To obtain the explicit form of the expression on the left, it is
possible to first write
and then to evaluate the first term on the right-hand side by a Taylor
273.45
expansion about Ao Since (SoEo) is made of terms of the form:
this expansion becomes, upon neglecting higher order quantities
-10-
-. ~
The term (~Qk.qk)B is nothing but
k
(1 0 3a)
(1.3b)
Now carrying out the subtraction indicated in Eqo 1 0 3, one obtains
"J(
an extremum rule involving the current values of the interaction
-:,
forces f~
~
~
and g.o
~
In order to eliminate these and obtain a sim-
pIer expression, the following additional relationship between these
quantities is written; if the field of displacements taking place be-
tween A and B is considered to be a set of virtual displacements,
State A is considered the "current" state.
273.45
~
then the virtual work of the forces f.
1.
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-+
and g. vanishes since,
~
currently, these forces are in equilibrium across the element bound-
aries. Hence
~" ~-+-~ (f .. ds. + g .• ds.) = 0
~ 1 1. 1.
After deleting such terms from the expression obtained above, there
results
." -+
~ (~ df. ods. +
1. 1.
Finally, by dropping the terms and recognizing them
as giv~rt constants which will not be aff~cted by an admissible varia-
tion, by rearranging terms, by making the substitutions
~ ~ 2dQ. = Q. dt, etc., and by cancelling cit
1. ~
~ ~
df. :::; f. dt,
1. 1.
[~
(1.5)
an extremum
This is the final form of the rate principle. The first bracket is
the summation, o"er all the elements, of the dot product of all force-
rate vectors acting on the elements by their displacement-rate vectors.
It is formally equivalent to the volume integral of stress rate multi-
plied by strain rate, and, as such, it should not be confused with the
-12-
rate of increase in strain energy of the body; the latter would con-
tain the current force vectors, not their rates. Similarly, the
second bracket is not equal to the rate of increase of the potential
of external loads, despite the apparent similarity. Another interest-
ing point is that, for small deformations of an ideal plastic body in
~
which f. = 0,
~
the principle 1.4 degenerates and
does not yield useful information. Discussion of thi.s case is deferred
until Section 1 0 3, where the rate principles of the theory of plasti-
city are reviewed.
Although the total current values of force and deformation
parameters do not enter Eqo 1 0 5, they will, in general, be implicated
in practical applicationSe To illustrate this point, consider the
example of the taut elastic string mentioned in Secti.on 1.1. The
-7 -it>
force vectors f and g now represent the tension in each half of
the string. If the initial tension in the string is large, the assump-
tion is sometimes made that this initial tension remains constant under
small deflectionso Therefore, ~ -+f ~~ ~ = COD.stant. Howe'\Ter, if the
--?
direction of f changes by an ang~e dS, it can be seen that a force-
~ 4
rate vector f will occur perpendicularly to f, with a length
4
Thus, the total current value of f does enter the
formulation although it does not appear explicitly in Eqe 1 0 5. Con-
versely, if it is desired to take into account the change in It~
then it will be necessary to calculate the strain-rate in the string
due to the displacement-rate at one end,
~
S. lJ
~
In general,
.;.
s. will
1.
not be parallel to the current direction e of the string, and thus
-13-
~
the calculated strain-rate will not only be a function of Is.1 but
~
also of the current direction e~
Similar remarks apply to the case of a two (or three) dimen-
sional bodYe
.
~
vector s.
1.
. . (w) (Iu, v,
In the mechanics of continua, the displacement-rate
is replaced by two (or three) displacement-rate components
In evaluating the first bracket in Eq. 1 0 5, it may be
decided to make use of the classical strain-displacement relations for
f ·· d· 1 29l.n~te 1.Sp acements. In this case, ~qk in the second bracket is
simply replaced by the boundary values of u, .v, however, the
first bracket will assume a rather complicated form, involving not
g
v, w,
o
and the displacement-rates u,only the stress rates o0"••
1.J
but the current stresses cr.. as well o As an alternative, and in
1.J
order to simplify the evaluation of the first bracket, it may be de-
cided to derive the strain-rates from the strain-displacement rela-
tions of the small-displacement theory of strain, in which case some
fictitious functions w must be used for the interior of
o
the body, and, for the purpose of evaluating the second bracket, the
boundary velocities ou, ov, w must be computed from u
o
' w
o
by the addition of some corrective terms involving the current geo-
metry of the body and the current values of the boundary tractions,
This second alternative is adopted in Section 1.4, where the form of
the principle 105 applicable to beam-columns is studied o
In summary, the rate principles are distinct from the prin-
ciples of minimum total potential or minimum complementary energy in
-14-
that they govern the instantaneous velocities of points of a body dur-
ing quasi-static loading, not their total displacements e In the case
of small strains they do not contain explicitly the current total
stresses and displacements o
1.3 RATE PRINCIPLES IN THE LI1rERATU'RE
In the theory of elasticitY3 a large number of problems are
solved with the assumption of small displacement, or geometrical line-
arityo In these problems, it is unnecessary to use an incremental
approach, because the incremental behavior is similar to the total
beha·vior 0 In contrast, the "flow" theory of plasticity for example
deals with materials the mechanical behavior of which is specified in
terms of strain rates rather than total strains o Therefore, in plasti-
city, the use of rate principles suggests itself at the outset, as the
logical counterpart to the variational principles of linear elasticity.
An extensive list of references relating to the development of the
variational principles of plasticity up to 1955 is given in Ref o 90
A survey covering the variational principles for elastic, plastic and
other solids can also be found in Ref. 10 0 In the following, a summEry
will be made of the most representative cases of material properties,
and the connection with Eqo 1 0 5 will be pointed Qut o
a~ Incompressible von Mises Material
Here, the elastic components of strain which occur after
the initiation of plasticity are neglected compared to the plastic
273.45 -15-
components~ Plastic flow starts when the deviatoric part of the stress
tensor satisfies the yield condition: 2f = So 0 s .. = 2k = a constant,
1.J ~J
and proceeds with the strain rates given by: e.. = ~s .. , as long as
~J ~J
the yield condition continues to be satisfied, that is, as long as
Q
f constant, f = Qg von Mises defined a plastic potential,
Thus, although at every yielded point of the body
-P=s .. e .. ,
~J ~J
f
potential p
such that e.. = ~p • It can be seen that the plastic
~J us ..
~J
is proportional to the yield function: P = ~s .. s .. = ~.f.
~J ~J
2
constant = 2k ,
the potential (or dissipation rate) P depends on the local value of
~ which takes on arbitrary values depending on the choice of (admis-
sible) strain rate field o The minimum principle of the von Mi.ses
theory then states that, among all kinematically admissible velocity
fields (i.e., satisfying the incompressi.bility condition and the
boundary conditions on velocities), the one which will produce internal
and external equilibrium is determined from: 5
J ok ~'~ J T. "/(s .. e .. dV v. dS minimum (1.6a)
V lJ lJ S' ~ lT"
or, equivalently
,f "k "k J T. '{~l-L s .. s .. dV - v. dS = minimum (106b)
V
' ~J lJ S l l
T
where ST is that portion of the boundary where the stresses are
"k ...v...0""given and v. are the velocities corresponding to the e .. on ST-~ lJ
From the von Mises stress-strain rate relations and the yield condi-
-16-
tion, the value of ~ which corresponds to some assumed strain rates
into Eq. l.6b, the principle is put in the form
.'k be founde .. can as
~J
and s .. s .. = 2k2
~J ~J
~ =
oJ... oJ...
.. i\ • i\ 1, Ii
e .. e .. /r.y2.
1.J 1J
Substituting this value,
in which it would be used in practical applications:
J
V
dV JT.S 1
T
"k
v. dS = minimum
1.
(1.6c)
This rule determines the strain rates to within an arbitrary
common factor: multiplying all strain-rates by the same factor does
not change the stress-field, and consequently does not disturb the
equilibrium 9 In fact, such multiples of the strain-rate field define
the successive stages of deformation after initial yielding:
tions increase indefinitely under constant boundary tractions
deforma-
T..•
1.
The magnitude of T.
~
which causes this condition is called limit load;
it can be calculated by the application of the virtual work principle,
which amounts to setting the left-hand side of Eqo ~o6c equal to zero,
after substituting the correct strain-rate field for
oJ...
CI "'"
e .. ~
~J
In a number -of import-ant cases, the deformations pr,oduced in
-the body by pla.stic ,flow pr'oduce effects whic-h invalidate the above
description: the change in geometry is such that it is impossible to
maintain equilibrium with constant boundary tractions T.
1.
and a
constant stress field a.. ~ A study of the variation of the limit
l..J
11load with increasing deformations was published by Onat .,i.n 1961,
and pursued by Onat and Shu12 13and Batterman .. The approach used
in these investigations was to obtain the "rate equations of equilib-
-17-
rium" which, at a given stage of deformation, relate the change in
internal forces to the change in geometry, and, after solving these,-
to find the corresponding change in external load o With the assump-
tion that the post-yield behavior of the plastic hinges was unaffected
by changes in axial load, Onat and Shu12 calculated the complete load
deflection relationship for a clamped, semi-circular arch of rigid-
plastic material. 13Batterman calculated the rate of increase of
limit load at incipient yielding of a si.mply supported rigid-plastic
circular plate under combined radial and transverse loading o
It will now be shown that problems of the type described
above can be solved with the aid of a rate principle o In Section 1.2,
it was stated that, when the plastic condition is reached, Eqo 1 0 5 de-
generates by virtue of the vanishing of all force-rate quantities o
This is not the case, however, if "neutral changes" do occur in the
stress-state. Neutral changes are defined as changes from one state
of stress to another, both of which satisfy the yield condition
cr .. cr.. = 2k2 • Neutral changes of stress are the only means by which
1.J 1.J
a rigid-plastic body can accommodate changes in geometry and boundary
tractions_
No particular stress-strain law was specified i.n deriving
the minimum principle of Eqo 1 0 5, hence it is natural to expect that
it will be applicable in the present case. However, since large de-
formations are being considered now, the remarks made on pol3 are in
force, and therefore it is appropriate to replace the second bracket
273.45 -18-
in Eq. 1.5 by an expression which will be designated by AP, and the
derivation of which will be undertaken in Section 1040 VJ'i.th this pro-
vision, and by reverting to the notation adopted in this Section,
~J • 'k o'k d\T J AP dS (1.7)s .. e .. minimurn
V ~J ~J ST
oJ..
Now the
.,..
subject to the constraintstress-rates s .. are
~J
that the change in stress-state must be neutral o However, it i.s un-
necessary to introduce this constraint by the usual technique of
Lagrange multipliers, for the following reason~ for any admissible
field of strain-rates
o'i'(
e .. ,
~J
the corresponding stress rate~ will be
found through the use of the von Mises stress-strain-rate laws, which,
in turn, make use of the yield condition. Therefore, the latter will
be automatically satisfied for the calculated stress-rates o This calcu-
lation is performed as follows: let the current state be designated
by A, and the current stresses by s .. ;
~J
let an admissible field of
strain-rates characterizing the further state B be and the
stresses of state B, Bs .. 0 Then,
~J
B
s ..
~J
...'....,...
e ..
= .2:.1.
l-L
and Bs ..
1.J
o"k
e "i< e ..."> dt ..2:..ls .. = s .. s ..
~J 1.J l-L 1.J
(1.8)
As indicated previously, the value of the parameter ~ is
'y( ...'..~ = e.. e:\. /k(2 .
1.J 1.J
-19-
Since Eq. 1.8 i~ intended for use in incremental analysis
with finite increment size, no attempt is made to pass to the limit
by letting dt- O.
With stress-rates calculated from Eqv Iv8, the princi-
pte of Eq. 1.7 can be used to determine strain-rate fields at Sllcces-
sive stages of (large) deformations of rigid-plastic bodies. The
current states of stress and deformation will enter this determina-
tion through the term s ..
~J
in Eq. 1.8 and through the term AP in
Eq. 1.7. An example of the use of thi.s method follows.
The rigid plastic cantilever in Fig. 2 is un,der the combined
action of an axial load P and a transverse load vPo It is made of
a rectangular cross-section, for which the yield condition takes the
form of the parabolic interaction diagram (~pt+ (~p) = 1.0 seen
in Fig. 2c. N, M, Nand M are the axial force, moment, axialp p
yield load and fully plastic moment values respectively. Other geo-
metrical parameters are defined in Figo 2 v The nondimensional para-
N
meter X = t f!- has the value 48.0 for the case studied. The dis-
p
placement in the axial direction is denoted by u, and the rotation
of the bar by 0v The state of strain and the load at incipient yield-
ding can be determined by applying Eq. lo6a, in which the volume inte-
gral is simply replaced by M0 + Pu'o By se.tti.ng u = Q' .t 0, it is
found that, at incipient yielding,
=
2 L 1
N X
P
and PN
P
\f 2 2 --0
\IX \) + 4 - X \)
::;:
2
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The absolute magnitudes of
ratio is known through a.
.
u and
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o remain undetermined, only their
Now in order to carry out the study of the load-deflection
relationship past the stage of first yielding, it is necessary to
write Eq. 1.7 in explicit form. It will be shown in Section 1.4
that, for this example,
Therefore,
•• ~'r:
Pu .*
.2
..* . .oJr:
+ vPt0 + p00 t+ ~P0 t
.. *M0
T
"J.,
+ NU"
2 minimum (1.9)
For the case of a rectangular cross-section, the stress-
t · t 1 · · b 14s ra1n-ra e aw 1S g1ven y:
M
-.=
M
P
(N)2 (_)21 - ~ ~ J
Using these relations, and by following the steps leading
to Eq. 1.8, it is found that
0
£L dt .k oJ( N ~ dt M 1 2 *2;:: Xa 1 - ~. X O!N 2 N M M
P P P P
N M "/( .*u
where N and M refer to the current state, and 01 .oJ," pertainsp p to\
to an admissible strain-rate field.
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Substituting these in Eq. 1.9 and minimizing that expres-
• 'Ie -,'e
sion with respect to 0 and a, the following results are obtained:
(N dP)- Np + 2Np a4!-N
P
dP \) + f/J
N NP -N
P
du = a.t.d0
'These are the increments of deflection which correspond
to an increment of load dP. The complete load-deflection curve is
plotted in Fig. 2b for two particular cases, ~ = 0.010 and
N M
V = O~OOI (solid lines). In Fig q 2c, the range of the ~ VB. M
P P
interaction diagrams swept during these deflections is indicated in
heavy lines. To indicate the error which would be committed by
assuming that, after first yielding, the moment at the hinge does
not change, the load deflection curves have been re-computed with
this assumption, and plotted in dashed lines in Fig. 2b. It will
be observed that this assumption leads to erroneous (and, in this
example, unsafe) results. The surprising fact is that in the correct
solution, the moment at the hinge actually increases with increasing
deflections (as seen from Fig. 2c), and hence the correct solution
would be expected to indicate higher loads than the approximate one.
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Clearly, the drop in axial load which occurs simultaneously with the
moment-increase reverses the situation o It must be added that the
effect observed here would be totally absent in the case where the
axial load P would be maintained constant, the transverse load
alone being increased (non-proportional loading). The two solutions
would then be identical. The usual beam-column problems fall in this
.,'(
category, but the arch problem studied in Refo 12 clearly does not.
b. Prandtl-Reuss Material
The strain rates induced in the Prandtl-Reuss materialS no
longer consist of a purely plastic deformation, as in the von Mises
material examined above, but they have an elastic component as well.
This elastic component of the strain deviation rates is related to
the stress deviation rates by Hooke's law o The plastic component, on
the other hand, is related to the current stress deviation tensor as
in the von Mises material o The total strain deviator rates are there-
fore
e .. =
~J
1
2G s ..1J (1.10)
where A2G is the factor of proportionality previously designated by
Not all beam-column problems can be simplified in this manner;
under the action of wind loads, the lower-story columns of tall
(tower-like) multi-story buildings will undergo axial load i.n-
creases simultaneously with shear load increases. The effect
explained above may have special relevance in such cases.
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If the assumption is made that the material is incompressible (both
elastically and plastically), then the strain deviator rates e ..
~J
shown above are equal to the total strain rates oe.. 0 Otherwise,
~J
there will arise, in addition to the strain deviator rates e.. ,
~J
an
elastic mean ~strain-rate e which is related to the mean stress rate s
through G 1.e = 3K s, where K is the bulk modulus of the material o
Since the use of the rate principles examined in this study
requires the determination of the stress-rate field associated with
some specified admissible strain-rate field, attention will be directed
to inverting Eqo lola. The following discussion essentially reproduces
that of Ref. 5, but the derivation is altered in order to clarify the
role of the neutral changes of stress state, which were seen to be the
key to the study of the effect of geometrical changes in Part a above.
Given a current state of stress So. , and some admissible
~J
strain-rate field that part o " of 0 which is p\lrely p1as-e .. , eo. e ..
~J ~J 1.J
tic must be related to the stresses so. by the plastic stress-strain1J
rate law e" ~so .0 lrhe constant ~ i.s found from the conditioq.
= 1Jij so. 0"
2k2
e ..
that s .. s .. as ~
1J 1.J Now the remaining part of
1J 1J , 2k2
0 0 1 . o" consists of elastic deformations only, hencee .. , e .. = e .. - e .. ,1J 1J 1J 1.J S..
it is related to the stress-rates by Hooke Us law: o u 2..J.. Multi-e .. 2G "~J
plying both sides of this by s .. ,
~J
it is found that:
s.. s..
1.J ~J
2G (1.11)
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However, the changes in stress state are neutral, i.e., they
and therefore Eq. 1.11
Differentiating this with re-at all times.
s .. s.. = 0,1.J 1.J
Hence, the value of ~ calculated above can bes .. e!. = O.1.J 1.J
expressed as
satisfy
yields
s .. s .. =1.J 1.J
spect to time, it is found that
s .. e..1.J 1.J
2k2
This enables the determination of the plastic part of the strain rates
as a function of the total strain-rates and of the current stresses:
e'.'. =1.J
s e
mn mn
2k2
s ..1.J
Finally, once the plastic components are thus separated, the
remaining (elastic) components can be used in calculating the stress-
rates by an application of Hooke's law:
s..1.J 2G (e .....1.J
s e
mn mn
2k2
s .. )1.J (1.12)
In a rigid-plastic material such as the von Mises material,
G~oo. Since the factor of 2G in this equation represents the e1as-
tic part of the strain-rates, which would vanish in the rigid-plastic
*case, Eqo 1.12 would become an indeterminate form. This explains
If the specified stresses and strain-rates are such that this term
does not vanish, Eqo 1.12 indicates that there would arise a stress-
rate of the same sign as this bracket. Since, by a basic postulate
of plasticity, sron emn is always positive, ·this stress-rate will
cause the quantity in the brackets to vanish in the next increments
of time by modifying Sij in the required direction.
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why an entirely different scheme had to be used in determining the
stress-rates in the von Mises material (Eqo 1.8)0
The rate principle governing the increments behavior of
15the Prandtl-Reuss material has been established by Greenberg,
and has the form:
dV J T.
s ~
T'
*'\1 dSi minimum (1.13)
where the notation is the same as for Eqo 1 0 6a o If the material is
assumed to be incompressible both elastically and plastically, the
stress and strain rate deviations in Eq. 1 0 13 can be replaced by
the stress and strain rates .*cr ~ •
~J
and
It will be noted that Eq. 1.13 has exactly the same form as
Eq. ~1 •.5. The proof of the minimum principle of Eq. 1.13, as pre-
sented by Greenberg, is valid whether or not some part of the elastic-
plastic body is in the purely elastic state. This agrees with the
fact that it had not been necessary to specify a stress-strain law
in deriving Eq. 1.5. However, an advantage was thereby sacrificed,
namely, the possibility of establishing the principle for finite
(as opposed to infinitesimal) variations of the strain-rate field.
Greenberg's principle, as well as other extremum principles in the
theory of plasticity, are proved by means of inequalities which are
valid over a finite range of the quantities involved 0
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Co Other Materials
The stress-strain relationship for work-hardening materials
can be specified either by an extension of Hooke's law, i.e., in terms
of total strain versus total stress, or by an extension of the Prandtl-
Reuss law, Eq. lola, i060, in terms of strain increment versus stress
and stress incremento The former approach, known as "Hencky's theory,"
or "deformation theory," makes use of a "loading function" which is an
analytical representation of the experimentally obtained relationship
between some representative stress and strain, such as the octahedral
shearing stress and octahedral shearing strain o Examples of the use
of loading functions can be found in Ref o 1 0
Since the first approach deals with total strains rather than
strain rates, the variational principles pertinent to this case are not
rate principles, but rather extensions of the variational principles of
the theory of elasticityo Using the (nonlinear) large deformation
theory of strain, and for an arbitrary loading function, Phillips16
has established such principles for the deformation theory of plasti-
cityc
In the second approach, or tlincremental theory," Eqo 1 0 10 is
still used, but the factor A is assumed to vary with the state of
stress o This can be achieved by expressing A as a function of the
rates of change of the invariants of the stress deviation tensor.
The second invariant has been used in most instances, although the
third invariant has also been introduced for greater generality.17
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The form of the rate principle applicable to work hardening
materials remains identical to Eqo 1013, as shown by Hill,18 and by
Prager et ale 19
For viscoelastic materials, Biot6 has formulated a varia-
tional principle governing the field of total displacements reached at
some time t during the loading process g Formally, the principle is
similar to those pertaining to materials with time-independent proper-
ties, but time-dependence is impli.cit in the specification of the
stress-state corresponding to a given strain field o A principle govern-
ing the rates of deformation (rather than the total deformations) has
not received any attention, probably due to the fact that through the
use of integral transformations, viscoelastic problems can be reduced
to time independent elastic problems in a mathematically elegant manner.
Thus, attention has been confined to solutions which can be obtained
by inversion of the integral transforms appearing in the associated
elastic solutions g However tedious, incremental analysis by means of
rate principles in this case is conceptually simple, since a linear
relationship between instantaneous stress-rates and strain-rates is
the basis on which the Boltzmann-Volterra formulation of viscoelastic
stress-strain laws rests g 20These laws have the form:
t 06 ..
s .. J Gl (x , t-'r)~ (x , rr) drr~J m orr m
a
t oekk
skk = J G2 (x , t-rr) -- (x , 1") drrm aT m
a
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where x (m - 1, 2, 3) are the coordinates of the point considered,
m
and where G1 and GZ are "relaxation functions" which define the
(hereditary) influence of a strain increment occurring at time ~ on
the stress at time to Hence, the stress-rates at time t are of
the form:
.ok
s .. dt
~J
where the star denotes an admissible field o The second term an the
right does not vanish if the time interval dt is finite, but its
value does not depend on the variations of the current strain rate
field, therefore it may be dropped from the rate expressiono It is
thus verified that the "instantaneous behavior of the viscoelastic
material is elastica" A rate principle such as Eq. 1.13 can then be
applied as if the material were e1astic o The true nature of the
material comes into the picture only when it i.s desired to calculate
stresses from the strain-rate history just determined.
For materials exhibiting creep properties, such that the
strains increase with time at a rate proportional to some function of
f(32 ) s .. , a rate principle---has been1.Jh
.. 62 0
t e ex~st~ng stresses, €ij
proposed by Sanders et a1. 63 C 1 P · 64oncurrent y, ~an has shown that the
same rate principle can be obtained by a re-interpretation of Washizu's
· l· · 1 · · 1 f 1· d d··· 1 lOal.ncrementa var1.at1.0na pr1.nc1.p e or so 1. s un er ~n1.t1.a stresses,
which itself is derived from Reissner's general variational principle
for finite elastic deformationsG 64
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From this review of the various contexts in which the rate
principle has been studied, and from the formal similarity of the
expressions found, it appears that the principle should remain true
for a very general class of material properties. Its derivation in
Section 1 0 2 did, in fact, ignore the material properties. However,
that derivation did not concern itself with questions of uniqueness,
nor was it formulated for a continuum. Moreover, body forces were
not considered, and simple boundary conditions were assumed. A rigor-
ous expose of the rate principle, complete i.n these respects has re-
cently been formulated by Hillo 2l The solid considered by Hill is
characterized by a potential U which is a IIsingle~valued synune-
trized homogenous function of degree two in the components of strain-
rate." The stress-rates are obtained from this potential as:
s .. =
~J
aU
o·v. ' ~
J;~
not only by prescribing the traction-rates
where v ... are the velocity gradients at the point considered. This
J,~
potential is used to describe the current state of the body only, re-
gardless of how it was reached 0 Boundary conditions are specified,
~ ~
F = t over a portion ~
~
of the surface, but by allowing them to contain a part f(v) which
depends on the surface velocities v in a prescribed manner. Fin-
~
ally, body stress-rates b are assumed to exist o The rate principle
is then stated as:
~-+
b.v) dV ~~ l~~J (tov - ~ v.f(v»)
~
dj = 0
-30-
(1.14)
Next, the question of the uniqueness of solutions satisfy-
ing the above variational principle is examined. It is shown that
if certain uniqueness criteria are satisfied, then the quantity with~
in square brackets above is an absolute minimuffio
I · f · I 22n a separate ser~es 0 art~c es, Hill and Sewell have
explored the use of this theory in determining the bifurcation loads
of axially loaded columns with arbitrary section geometry and a wide
range of material properties. This study showed that in the range of
loads producing bifurcation, Eq. 1.14 cannot be expected to discrimin-
ate sufficiently between admissible deformation modes. To overcome
this difficulty, the authors replaced Eqo 1 0 14 by another criterion
which essentially consists of requiring the first variation in Eq. 1.14
to vanish not only for the narrow class of admissible velocity-field
~ '~k
variations 5v, but with 5v replaced by a broader class of virtual
velocities, chosen so as to satisfy the prescribed boundary conditions
but otherwise unrelated to the class of functions out of which
the solution is sought 0 This device will be used in Chapter 3 of
the present work in order to cope with a difficulty of a different
nature o
The question of the uniqueness of incremental states of
deformation has also been examined by Finzi. 23 Finzi's treatment
postulates a stress-strain-rate relationship oijers = ~ijrs (J ,
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where
the coefficients ~ do not, in general, satisfy the symmetry condi-
tions ~ijrs = ~rsij which are implied by Hill's potential U.
then shown tb.at uniqueness is ensured whenever a "quadratic form
It is
having the components. of the tensor ~ijrs for coefficients is posi-
tive or negative definite o "
1 0 4 THE RATE PRINCIPLE FOR BEAM-COLUMNS
The distinction between a beam and a beam-column arises
from the consideration of the effects. of loads applied along the
longitudinal direction of the member 0 In engineering applications,
both beams and beam-columns are treated under the Bernoulli-Euler
hypothesis that the curvature of the centroidal axis is proportional
to the applied bending momento Moreover, the constant of proportion-
ality (flexural stiffness) is computed with the assumption that the
10k
variation of longitudinal strain over the depth of the beam is linear.
In the linear theory of elasticity, both assumptions are shown to be
valid (for arbitrary cross-sectional shapes) if there are no trans-
verse loads acting on the beam, and if the external loading is applied
at the ends of the beam in the manner dictated by the internal stress
d o 0b ° 24~str~ utl.on o The assumptions are retained in the study of the
This is sometimes stated as "plane sections remain plane." The
two statements are identical only when the end cross-sections
remain plane, ioe o , in the case of pure bendingo Otherwise,
sections do warp despite the fact that the strain profile is
linear o
but it is doubtful that
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"j(
partially plastic beam-column. There is sufficient experimental
evidence to show that elastic-plastic calculations based on these
assumptions yield good estimates of beam deflections. 25 The agree-
26
ment is also good for the ,overall deflections of beam-columns. A
few attempts have been made to measure the local strain distribution
· · 11 · ld d · 27" 28~n part~a, y Y1e e cross-sect10ns,
the use of any strain distribution other than the customary linear
one will ever be needed in the calculation of the overall response
of beam-columns to external loads,
The rate principle for beam-columns will first be derived
without the assumption of plane deformation of cross-sections, then
specialized for this particular case. Bending will be assumed to
occur in one plane only, and, for the present time, it will not be
necessary to specify the state of stress in the direction perpendicu-
lar to this plane (i.e., whether plane strain or plane stress condi-
tions prevail)o The case of biaxial bending can be treated by analo-
gous reasoning, and will be discussed briefly in Chapter 3.
This derivation will make use of the second alternative
scheme described on p'o 13, i.8 0, the use of the small-displacement
theory of strain in expressing the first bracket in Eq. 1.5, and
the use of corrective terms in expressing the second bracket. Another
derivation of the rate principle for columns, in which the first alter-
An attempt to examine their validi ty wi.ll be reported in Chapter 2.
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native scheme is used, is contained in Refs. 63 and 65, where the cre~p
deformations of beam-columns ~e examined. After deleting the terms re-
lated to creep strains, the final expression derived in these references
can be shown to be equivalent to the one derived below.
The member is shown in Fig. 3 in the current deflected state.
Without loss of generality, the boundary X = a can be assumed clamped.
Displacements in the X and Y directions are u and v, respec-
tively. Following the Lagrangeian notation used in the nonlinear
h f 1 .. 29t eory 0 e ast~c~ty, the X and Y components of the boundary
tractions are designated by and f ll ' reserving the subscripts x
and y for their components in the direction of the (curvilinear) x
and y coordinates which deform locally with the bodyq Similarly,
the components of the internal stresses referred to the x and y
directions are cr
xx
' (Jyy' and (Jxy For the purpose of calculating
these stresses, it is assumed that the change in length of the sides
of a rectangular element during deformation is negligible. However,
the rotation ill of this element is assumed to be of a greater order
of magnitude, leading to the following expressions for the strains:
e
xx
where
aU 1. 2=-+~(1)OX
'Ov 1 2
+ ;:::'::2 (1)oY exy (1.15)
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In order to reproduce the steps of the derivation of the
rate principle in Section 1,.2, it will be necessary to find the strain
energy increment AU occurring between two adjacent states A and B
of the bodyo In analogy to Eq. 1.3a, this will be:
UA, + dt ff(cr € + 0yy e + cr e ) dx dyt • xx xx yy xy xy
(1.16a)
where unit thickness has been assumed for brevity, and, in the deriva-
tion of which the small-displacement theory of strain has been assumed.
Now in order to determine the terms containing the external
loads (as in Eq. lo3b), the displacement of points on the boundaries
must be determined, correspondi.ng to the field of strains €xx(x,y),
E: (x, y) ,yy e (x ,y) 0xy For this purpose, the longitudinal strain exx
is assumed to be derivable linearly from some fictitious displacement
field ub(x,Y)o It is apparent that the latter displacement represents
that part of the total displacement u(x,y) which is due to the inte-
grated longitudinal strains, the remainder consisting of the shortening
due to curvature. As for the lateral displacement v(x,y), the assump-
tion will be made that the strain in this direction is negligible,
therefore no fictitious value of v need be defined. Thus, the
following simplified representation of the deformations in the x-y
plane is introduced:
i) v = v + vb s
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(v function of x only)
ii)
iii)
€
xx
e = 0yy
oV
s
e = --
xy OX (1.17)
iv) u (x ,y)
x
ub(x,y) + €oX - J ~
o
In i) the lateral deflections are separated in two parts
(due to bending and shear, respectively) such that their sum v is
independent of y. In ii) the longitudinal strains are represented
as the sum of a constant strain e and another part derivable from
o
some displacements ub as in linear theoryo iii) expresses the fact
that the displacement components lib and vb produce no shear, and
in iv) the displacement u is expressed in terms of ub' the axial
shortening due to the constant strain eo and the axial shortening
due to the curvature of the member o
This representation has the advantage of yielding the strains
€ as linear expressions in the assumed displacement components,
xy
yet it satisfies the first and the third of Eq. 1.15 exactly: substi-
tuting from Eqo 1.17 into Eq. 1 0 15:
CD = 1 (oov au).
.:z OX - c'§"
oV
1 ,s
~ --OX
(
OVb eV )2 (OVb oV ~2Jz __ + __8 +~ __ +~~
OX aX OX OX
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Neglecting the discrepancy in the last two terms this expression re-
duces to the strain postulated in Eqo 1 0 17 ii)o The discrepancy,
however, is fortuitous, because the formula used above for the rota-
tion ill defines the average rotation of linear elements at a point,
whereas the rotation which is relevant to this particular case is the
rotation of a fiber directed along x. With this correction, no dis-
crepancy remains.
Now the change AP in the potential P of the boundary
tractions during the time inter"val dt will be studied. For con'\7en-
ience, only those loads which act on the boundary S (x = t) are
considered, where t is the length of the column. Terms arising
from loads acting on the other boundaries do not require special con-
sideration o
By definition, the potential PA + AP of the boundary trac-
tions at time t + ~t is a function of the boundary displacements
VA + v ~t, such that the total differential of
p + t:,P will be the work done by the boundary tractions fi; + fi; t:,t,
f ,. · .. ~ ~ f h b d d· 1 29.~ + I~ t:,t 1n a var1at10n yUB, YVB ate oun ary 1Sp acements.
In general, a variation of uB and vB would comprise the variations
of the four quantities uA'
c)
u, VA' v. However, since it is desired
to vary the quantities u and v only, the above definition of the
potential may be narrowed such that the expression for ~p will be
valid for a variation in u and v onlyo Now from Eqo 1 0 17 iv):
273.45
t
oUB = oab 6t + ci
o
6t x SVi O~i 6t dx
o
and
tS ~I O~I 6t2 dx
o
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where primes denote differentiation with respect to x. When the work
of the force (fS + f s 6t) dS on the displacement QUB is written
with the help of the above expression, it is found that this work con-
sists of the following variation:
Similarly, the work of (f~ + f~ 6t) dS consists of:
~. '. 2l
o Lf~ v 6t + f~ v t,t J dS (1.16c)
Hence, 6P consists of the sum of these two expressions~ The re-
mainder of the derivation proceeds as in Section 1 0 2. From the mini-
mum total potential energy principle:
SS UA dA + SS c,U dA - S PA dS - S 6P dS = minimum
noting that the variations considered above do not affect UA and
PA' one can write:
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JJ ~u dA - J ~p dS = minimum
where AU was defined in Eqo 1.16a and AP in Eqso 1.l6b and l.l6c.
This can be simplified further by considering virtual displacements
Ub dt, vdt, etc., ahd the associated virtual strain field; then,
the following equation can be written for the stress field at state A:
dt JJ<cr
xx
€ + cr € ) dx dy
xx xy xy
°u d f v·~ dS = 0
v x+ T1 J
Multiplying this by 6.tdt ' subtracting the result from the above mini-
mum expression, cancelling ~t2 and letting ~t~O:
JJ k (a 0 + . E: ) dx dy (1.18)2 e crxx xx xy xy
-I [fS(Ub + t o v2 t dXJ dSx) + fT) v f 'J 1: f J v' v'e 2 v, dx-0 S 0 ~ o·
minimum
Among all strain-rate fields selected according to Eq. 1.17,
the actual one produces the minimum in Eq~ 1 0 180 If the further
assumptions are made that cross-sections remain plane, and that the
uniform axial strain-rate e is negligible, this principle can be
o
put in the form:
273~45 -39-
t t
o 2 ,{, .S(~ MX+ . ~u ) S . S1: V dx - F 1: v' dx - F v' v' dx2 S 2
0 0 0
0 . . 0
M e V '7 = minimum (1.19)
t t
where the internal stresses have been resolved into a moment M(x)
and a shear V(x), the strains into the curvatures X and the shear
strains v' (uniform over the depth), and the external loading into
s
the moment
sign of F
Mit' the axial force F, and the shear force VitO The
has been taken as positive when compressive, and the rota-
tion of the cross section at x = t has been designated by altO The
positive direction of the external moment Mit must be chosen as that
of a positive 88
Sometimes, it is desired to find the increments of curvature
and shear distortion which take place along the length of a beam-
column the ends of which are rotated and translated through given dis-
placement increments, while a constant axial load F is maintained.
In this case, the variation of al t
and
-\TIt in Eq. 1.19 will be
.
nil, and further, F = O. For this case:
t
J(~ MX+
o
~~ V v~) dx - F S~ VIZ dx = minimum
o
(1.20)
In formulating Eqso 1 0 19 and 1 0 20, it was assumed that,
corresponding to some selected curvature-rate X and shear distor-
tion-rate
o •
the internal moment-rate M and shear force-rate V
... 40-
can be calculated in some way, under either of· the F = a or F=1= 0
conditions 0 Of these four items, only one, the moment-curvature re-
lationship under constant axial load has been rather thoroughly in-
1. 27
vestigated;' the other three require special consideration.
1 0 5 RE:M'ARKS ON THE USE OF RATE PRINCIPLES
a. Complementary Principle
As indicated in Section 1'02, the rate principle examined
herein derives from the principle of minimum total potential, and
purports to select, from a class of admissible strain-rate fields,
that field which will. satisfy equilibrium conditions 0 As the mini-
mum total potential principle has its counterpart in the minimum
complementary energy princi.ple, correspondingly, there are comple-
mentary rate principles e Examples are tb.e "principle of maximum
plastic resistance" for the von Mises material: 5 ,30
Scr~. V Q n. dS = maximum~J ~ J
8'\7
and the corresponding principle for the Prandtl~Reuss material:
4
1
G S s~. s~. dV - S cr~. v. n. dS = mini.mum
V ~J 1J 1J 1 JSv
where the superscript a indicates a statically admissible field,
i.e o , a field of stress-rates which satisfies the equilibrium equa-
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tions and the boundary conditi.ons on stress-rates, and which nowhere
violates the yield condition.
Such a "complementary principle" could conceivably be formu-
lated for beam-columnso However, in actual use, it would be required
to define a class of statically admissible stress-rate distributions
(i'oe., moment diagrams) which satisfy equilibrium conditions along the
length of the column o In the presence of axial loads, these equilib-
rium conditions will involve the deflections of the member, which are
unknown. Thus, a serious difficulty would be introduced.
Another obstacle to the use of the complementary principle
is the difficulty in determining the resulting deformation increments:
the increment in moment corresponding to an increment in cur'vature is
a well-defined quantity, but the converse is not true for those cross-
sections at which the plastic moment has nearly developed o
b. Derivations Based on Variational Calculus
The minimum principles of the theory of elasticity can be
derived by seeking the variational problem, the Euler equations of
which are the equilibrium equations which hold in the interior of the
31body. The rate principles reported in Sections 1.3 and 1.4 can also
be derived in this manner. (In fact, Hill's proof of his general rate
· · 1 21prl.ncl.p e is obtained in this manner o ) As an example to such a
derivation, the principle lQ20 will be rederived below for the case
where shear dlstortions are neglected.
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Considering the beam column in Figo 4, and by subtracting
the moment acting at time t on the cross section defined by the
coordinate x from the moment acting there at time t + dt, the
rate of increase of this moment is found 0 Equating this to the rate
of i.ncrease of internal moment (the product of the local stiffness
K(x) by the local curvature rate v"), multiplying both sides of
the resulting equation of equilibrium by O~:'" dx and integrating
over x:
t
1<1\ + Fv
o
t
vx) av" dx = I K(x) ~~" 0V'" dx
o
(1.21)
Integrating term by term (integration by parts is required for some
terms) :
~ t t t t .
0 o~r " 8~' -.FJ ';'u ov' . J5v'ML + Fv dx - V x ov' + V dx
0 0 0 0 0
t (1.21a)
+ J K(x) v" o·v" dx 0
0
o •
In the case studied, the end rotation increments eU dt, 8L dt and
The remaining terms can be
are giveno Hence terms con-~ dt
vanish o~ (l ,uVtaining
the end displacement increment
t t
and Jav r dx
o 0
recognized as the variation:
t t~ f 1: K ( ) • ,,2 d F J 1: 0 e2 du 2 X V X - 2 V X
I
= 0 (1.22)
o o
which is of the same form as Eqo 1 0 200
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c. Use of the Rate Principle in Problem Solving
Exact solutions can be sought in two ways:
i) By obtaining the Euler equations of the variational problem.
These will consist of the differential (rate) equations of
equilibrium. Their solution may present considerable diffi-
culty in the case of nonlinear material behavior.
ii) By performing the minimizing operation indicated by the rate
principle, after expressing the unknown displacements in in-
finite series with coefficients to be determined~ In some
simple cases, such as elastic struts, elastic rectangular
or circular plates, etc o , it becomes possible to use ortho-
gonality relations to simplify the calculation of the un-
k ff - - 32nown coe ~c~entso Again, if the material behavior is
not linear this simplification will become impossible.
An approximate solution will very often be the only choice
in the inelastic range, and even in the elastic case when the geo-
metrical configuration is not an elementary one o This may also be
conducted in two ways:
i) Reasonable idealizations can be made as to the distribution,
over the body, of some of the deformation parameters. The
distribution of the remaining parameters can be set up as
functions to be determined o With strains calculated from
such a deformation field, the variational principle can be
transformed into differential equations in the unknown
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functions. For the case of a sandwich-beam for example,
d E o 33an r~ngen derived the governing equations
by this method, after making suitable assumptions as to
the distribution of strains through the thickness of the
different layers 0
ii) The entire deformation field can be expressed in terms of
series with constant (unknown) coefficients, and these con-
stants can be determined numerically from the algebraic
equations which arise from the minimizing process o This
scheme has the disadvantage of consisting almost entirely
of numerical work, from which it is difficult to draw
general conclusions regarding the trends of the solution.
It must also be noted that the equations obtained in this
manner are equivalent to virtual work equation.s, as can be
seen from a comparison of Eqo 1 0 22 with Eq. 1.2la; they
can also be interpreted as an application of Galerkin's
34
method, as seen from Eqo 1 0 21 for instance o Hence,
it is not always necessary to start from a variational
formulation in setting up a problem for numerical solution.
d. Qeometrically Nonlinear Problems
In Section 1 0 1 it was hinted that the rate formulation is
a useful means of removing geometrical, as well as material, non-
linearities from the governing equations 0 However, the beam-column
problem presented subsequently did not afford an example of geometri-
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cal linearity, in the sense that the governing differential equation
was still a linear one by virtue of the axial load remaining constant
along the length of the member e As an illustration of a geometrically
nonlinear problem, the large deflection theory of curved structural
members, such as arches or suspended cylindrical roofs, can be men-
tioned o Nonlinearity arises from the interaction of the membrane
stresses (connected with the tangential strain) and the bending moment
(connected with the change in curvature) 0 The rate formulation affords
a convenient linearization of such problems in the vicinity of a known
current state of loading and deformation o The important step in this
formulation is to express the curvature,.. rate and the tangential strain-
rate in terms of arbitrary (small) changes of geometry and in terms of
the parameters defining the current geometry of the member 0 Once this
is accomplished, the variational procedure can be carried out in order
to find the correct values of the constants appearing in the assumed
deflection-rate expressionso
Let the coordinate axes in the cross-sectional plane be x
(horizontal) and y (vertical), and let the displacement-rates in
these directions be 0 and vo If the current shape of the memberu
dy d 2is defined by y = y (x) , Yx Yxx = ~ the current value= dx ' 2 ,dx 2 2 /(1+ 2)3.of the curvature is given by the classical formula X = Yxx Yx
Differentiating this wi.th respect to time, one obtains
x =v X (1 +
3 2 Yx
A 0 B Av Bv- Yxx Yx Yxx - yx xx x
= '=2)4 c cYx
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where A(x), B(x), C(x) can be calculated from the current gea-
metry, and where the terms
V and .-.\7 respectively.
xx x
and y have been identified as
x
Now in order to find the contribution to curvature-rate due
to the displacement-rates U, one can assume that the current shape
is defined by the inverted relation x = x(y) and repeat the above
operation. Then:
x =u
D x - E x
yy Y
F
oD uyy - E uy
F
where D, E, and F are constants containing current values of x y
and x yy' but otherwise similar to A, B, and
The final step is to convert the y-derivatives in Xu to
x-derivatives, and this can be done by observing that:
x y
o
U
Y
1 a
= -u:
Yx X
x yy
.,
uyy
Hence, all the variables in
of the independent variable
.
X +XGIV U
X. are once again expressed as a functionu
x. The total curvature-rate is then
The tangential strain-rate can also be represented as the
sum of the two components. The first one arises from the vertical
.u,
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· Yx •translation, and is € ~ Y
x
2 = v
v 1 + y x
comes from the horizontal translatton
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The second contribution
and can similarly be ex-
pressed . . 1 . R.as e
u
= u
1 +.2
= u
x x
Yx
The quantities . • have now been written as linearx., e ex-
pressions in u(x), v(x) and their derivatives. It remains to pre-
scribe admissible fields u(x) = ~ a. 0. (x), v(x) = ~ ~. w. (x) and
~ ~ ~ ~
to carry out the minimizing of the rate integral with respect to the
Ci. and ~ .•
~ ~
2 0 THE DISTRIBUTION' OF BENDING S.TRAINS IN BEAM-COLUMN'S
2 0 1 STATEME~T OF THE PROBLEM
In Section 1.4 the remark was made that, in the study of
the overall deflections of beam-columns made of structural steel,
the assumption of linear distribution of strains over the cross
section leads to results which are in satisfactory agreement with
experimental findings 0 There are other areas of study, however, in
which attention is focused on local, rather than overall behavior.
The theory of local buckling of flange plates, for instance, has re-
cently been based on considerations of total yielded length versus
35
wave length of a local buckle. Further studies on the local buckl-
ing of web plates are currently in progress o A good knowledge of the
pattern of development of inelastic strains is an important require-
ment in such investigations 0 Experimental observations of this
pattern reported so far are neither very complete, nor very con-
clusive0 28.,35 This stems from the fact that the measurement of
strain distribution has been a minor aspect of any testing program,
load and deflection measurement being a more immediate concern o An
additional reason is the heterogeneous: nature 6f~ Yi~lding in low-
carbon steel, which renders the measurements erratic, as they depend
on whether slip bands did or did not cross the gage locations.
The intent of the investigation reported in this Chapter
was to provide a rough indication of the presence, if any, of a
-48-
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departure from the commonly assumed linear distribution of bending
strains in partially yielded wide-flange shapes~ At the same time,
the study would verify the adequacy of the minimum principle dis-
cussed in Chapter 1 for an approximate analysis of strain distribu-
tion in the two-dimensional case o Thus, the scope was limited to
the examination of two fairly representative cases o Considerably
more work would have to be done in order to be able to draw conclu-
sions of any generalityo
The two cases studied so far are illustrated in Figo 50
The cross-sectional dimensions have been selected as those of the
12B16.5 Light Beam rolled shape. 36 The flanges are idealized as
rectangular elements of thickness t and of width b-w, and the
web as a rectangular plate of thickness wand of depth d. The
half length ~ is arbitrarily chosen as 18 inches.
In order to keep the length of the computations within a
reasonable limit, the following assumptions are made:
i) The web and flange plates are in a state of plane stress.
ii) The longitudinal strain €xx is uniform across the flange
width b, and it is numerically equal to the corresponding
strain in the web at
iii) The effects of the shear stresses in the flanges are
neglected,
iv) The stress cr is zero throughout the web plate.yy
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v) The displacement component in the y direction, v,
is constant along the cross-section lines x = constant o
The boundary condition for which the strains are to be
analyzed consists of the rotation
tion .tx='2 0
o 0 te = 0 2 imposed on the end sec-
This is specified by requiring that the displacement-
rate u be u = - on that boundary 0 (By symmetry, the other
end of the beam is rotated by an equal amount in the opposite direc-
tiono) The displacements v are not specified at these boundaries,
hut the external shear force is required to vanish, thus implying
a case of pure bending o An axial force (acting in the y direction)
mayor may not exist o
A complete study of this problem would require the simula-
tion, by step-by-step incrementation, of the gradual spreading of
yielded zones o Only in this way can the exact shape of the yielded
zone be determined Cl This was attempted, b'ut it was found to require
a prohib'itively long computational process Q As a compromise, a
single increment of deformation was studied for two arbitrarily
assigned shapes of yielded zone Q These are shown cross-hatched in
Figo 5Q In Case I, a parabolic dividing line separates the two
zones o With certain reservations about the exact shape of this
boundary, this case can be said to represent a hinge zone under
combined bending moment and axial load o Case II represents a
hinge zone under bending moment onlyo In this case, a moment gra-
dient was assumed to have produced the existing yield zone; the pre-
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sent increment of deformation was, however, assumed to be caused by
uniform moments"
The stress-strain properties inside the yielded zone will
depend on the plastic properties of the material of whi.ch the beam is
made" In low-carbon steel, the behavior can be described by the
,,/(
Prandtl-Reuss law (Eqo 1012) for an initial phase, after which the
strain-hardening properties take over g Ideally, the areas over which
these two conditions prevail would have to be distinguished o To avoid
this complication, all yielded material can be assumed to act in one
of the two modes only" Of these, the strain-hardening mode can he
handled in a simpler way (1"6,,, by assuming a reduced elastic modulus),
and, for this reason, it was adopted for the present studyo Moreover,
a rather high value was selected for the strain-hardening modulus,
namely, one-tenth of the elastic modulus o This choice was prompted
by consideration of the approximate nature of the analysis: a
relatively low value of the modulus (as it occurs in low-carbon steel)
would cause certain integrals taken over the yielded zones to be con-
siderably smaller in value than the contribution of the elastic zones.
In an exact analysis this fact would not be expected to affect the re-
sults o In an approximate analysis, however, such a prior judgement
could not be made; therefore, a "safe" choice of the value of the
The heterogeneous and unstable aspects of plastic flow28 can be
ignored if the average properties over a sufficiently large area
are considered.
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strain-hardening modulus was made until this aspect of the problem could
be further examinecl o With this choice, the material properties used in
this example could more properly be termed "bilinear elastic."
Z.2 APPROXIMATE ANALYSIS OF THE STRAIN INCREMENTS
Forces are not prescribed on any boundary, hence the rate
principle to he used reduces to:
J cr.. e:.. t dAA ~J ~J minimum (201)
where the strain-rates ~.. are derived from some admissible dis-
1.J
placement-rate field, the corresponding stress-rates oCJ ••
~J
are ob-
tained from the stress-strain laws~ and t dA is thickness times
area element, either on the web or on the flanges 0 The effect of a
constant axial load F acting on the boundary tx = 2 (Fig. 5) can
be included in the above expression by adding a term such as in Eq •. l~20o
The admissible displacement-rate fields must satisfy pre-
scribed boundary conditions. By symmetry, the displacement-rate .u
is zero on the line x = 0; on the line tx = 2 ' it is equal to the
· d d· 1 t u~ -- ~ _t
z
y ~ C II d h~mpose 1Sp acemen -rate p 1n ase ,an may ave an
additional (non-prescribed) component in Case I, because of the lack
of symmetry with respect to the x axis in this caseo The displace-
ment-rate v will be taken as zero at x ~ 0; it is not prescribed
elsewhere, save for the assumption v) in Section 2.1, which requires
~; = O.
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These requirements, and the conditions of symmetry, are
satisfied by the expressions:
u
- 0 x y - ~ A. f. (x) -
i 1. 1.
(2,.2)
v - - ~ C cos
m=l m
(2m-l)TIx
t
where the f i (x) are odd functions of x only, and the gk(Y) are
functions of y only. For Case II, the terms in A.
1.
will be dropped
for 'reasons stated above. The total number of c.onstants to be deter-
mined is i + jk + mo This number will only be limited by practical
considerations such as excessive computer time and storage capacityo
From the expressions (2 0 2) the strain-rates can be calcu-
lated as~
o
e
xx
= au
OX
aU oV
=-+-OY OX
o
eyy a
F 1 · 1 · 1· 34rom e ast1c, p aue stress stress-stra1.n re at~ons,
o and cr = 0 ~yy
with
E.
(J = ---
xx 2
1 - ~
o
€
xx
and o EO'xy = -Z-(1-+--~-) .E:xy
where the modulus of elasticity E will depend on local material
properties 0 Substituting the above int'o Eq 0 ,2. ~,1 and minimizing
the latter with respect to each of the coefficients A. ,
1
C
m
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a set of linear algebraic equations results from which these co-
efficients can be determined u The partial differentiations with
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respect to At> ,
~
and c ,
m
which are part of the minimizing
operation, are performed under the integral sign in Eqo 2Gl~ Since
this is a standard technique, i,t will not be further detai.led here.
However, certain aspects peculiar to the problem at hand must be
noted:
i) From expressions (202) it can be seen that a variation of
the coefficients At> results in rigid body motions of the
~
boundary x = t, say 6~L' parallel to the x-axiso By
referring to expression (1.18), it can be seen that a term
-F OUt must be included in the function to be minimized in
an axial force-rate F is prescribed on this boundaryo
Similarly, the variation of coefficients C would intro-
m
duce other terms containing 6v, also shown in Eqo 1 0 180
Such contributions have been disregarded in the present
problem by assuming F = F = 0 0
ii) It can be seen from Eqo 2 0 2 that the bending strain-rates
will not contain the coefficients c ,
m
and conversely,
variations of the coefficients C will define variations
m
of the strain-rate field which do not involve the bending
mode o On the other hand, it was noted in Section 105oco
ii) that the variational procedure is equivalent to a
weighted integration of the local equi.librium equations
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over the volume of the body, the weight function consisting
of a variation of the displacement field o It was observed
in this study that weighting functions arising from varia-
tions of the coefficients C alone led to solutions in
m
which the overall moment-shear equilibrium of the body was
not satisfied (1oeo, the bending and shear modes became
"uncoupled~,'o To remedy this si tuation:; some new weighting
functions were introduced which incorporated admissible
variations of both modes of deformationo Satisfactory re~
suIts were obtained with this modification o
2.3 NUMERICAL RESULTS
Numerical results were obtained for Cases I and II (Figo 5)
by programming the operations indicated above for the GE 225 digital
computer. The modulus of elasticity and Poi.ssonHs ratio were taken
as: E = 29,500 ksi and ~ = 0 0 250 In the strain hardened region,
E' = Ella was substituted for Eo The integrations were performed
numerically, by dividing the half length of the beam in 10 divisions
in both x and y directions 0 A nominal value of the end rotation
increment parameter, 0; 10-4 was selected for the calculations.
The particular series representations used in these computa-
tions are shown in Table 1 0 In Case Ia an eighteen term series was
used o This was increased to twenty-five terms (Case Ib) in order to
verify the validity of the results o In Figso 6 and 7, the profile of
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the strains e
xx
obtained in this manner is plotted at eleven
regular~y spaced cross-sections from x ~ 0 to x = ~ identified2
by the numbers X in Fig. 50 The extent of the region of low-modu-
Ius at each cross-section is indicated by the cross-hatched strips.
The solid curves indicate the results of the 25-term analysis. A1-
though the agreement with the l8-term a.nalysis is less than perfect)
the general trend is the same: strong nonlinearities are seen to
occur between the sections marked X 5 and X = lao The peculiar
distribution obtained at X = 9 and X = 10 is also noteworthy~ It
can be explained by the fact that the low-modulus portion of the com-
pression flange terminates between sections X = 8 and X = 9; a
local drop in flange strain compensates for the suddenly increased
local stiffness o Another compensatory change, which is more readily
thought of, is a shift of the neutral axis with general lowering of
the strains; this solution suggests that the latter mode is not a
preferred one~
Figures 8 and 9 show the results for Case II for two
different choices of functions gk(y) (Eq. 2 0 2 and Table 1). Of
these, the second set of curves (Fig. 9) is likely to be more accu-
,,;'(
rate, in view of the absence of inactive terms in the series used o
The series for Case IIa, Table 1, contains functions of gk(Y)
which are even on y, and therefore inactive in the present
problemo These have been replaced by odd functions in the
series for Case IIb o (Table 1)
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The significant strain profiles in Fig. 9 are those at X = 3 and
x = 4, in which a sharp "knee" is seen to occur at the location where
the modulus of the material changes. The two local "dips" in the
curve for X 5 can also be attributed to the effect mentioned
above, i.eo, the sudden increase in flange stiffness o As for the
nonlinearity at the section X = 0, no physical reasoning can be
advanced for its presence; its bei.ng a true feature of the strain dis-
tribution or not can only be resolved by repeating the calculations
with a larger number of unknown coefficients and by comparing the re-
sults o
The non-dimensional arrangement of the variables used in
the actual calculations suggests that, for a given geometry of yielded
zone, the strain distributions obtained here will not be altered if
the physical parameters are changed by keeping the following ratios
constant:
E'
E
F
E A
w
where E and E' sre the higher and lower moduli, and A are
w
the areas of the flange and of the web, and F is the axial force
(if prescribed).
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30 INCREMENTAL BEAM-COLill1N ANALYSIS
3.1 RELATIONSHIP WITH PREVIOUS ANALYSES
The analys~s of the in-plane flexural deformations of e1as-
tic-plastic beam-columns has received a great deal of attention since
To Von Karman's and E. Chwalla's early investigations (in 1910 and
1934 respect~vely)o A detailed historical survey of past investiga-
tions will not be repeated here as it is already available i.n a re-
3port by Mo Layo It will only be noted that the incremental (or
"rate") approach does not appear to ha've been used in previous in-
vestigations: the various methods found i.n the literature aim to
determine the final configuration of a beam-column for given values
of the final end displacements (or loads), and assume a monotonic
increase in inelastic strains wherever these occur in the member o
In one widely used method, the calculations are based on numerical
integration of the differentials of rotation along the member, the
latter being determined from the known moment-curvature relationship
for the cross-section in question o The integration yields the local
slope of the deflected shapeo If the slope at one end is given, a
second integration yields the deflection itself, which is necessary
for the calculation of the bending moments used in the first stepo
Since this scheme closely resembles the numerical solution of an
initial value problem, whereas the beam-column problem is in reality
a boundary value problem, the fulfillment of the boundary conditions
-58-
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at the terminal end of the member is handled in an indirect way,
i 0 60, by identifying the boundary value solution as that portion
of an initial value solution which takes on the prescribed values
at its boundaries 0 For a number of practically important cases,
the initial value solutions have been carried out and summarized
in chart form, and other charts have been prepared in order to facili-
tate the selection of the solution to the boundary value problem from
the formero 37 ,38 The initial value solutions which form the basis of
the method have been c.al1ed "Column Deflection Curves" since, in fact,
they represent the deflected shape of an elastic-plastic column of a
length such that it can remain in equilibrium under the sale action
of an axial thrust applied at the ends, much like a buckled Euler
column o
The beam-column analysis to be presented below is of a differ-
ent character, its major limitation being the necessity of repeating
the entire set of calculations for each new problemo Although elec-
tronic computation removes much of this inconvenience, it is never-
the less conceded th.at computer operations lack the ability to give
the analyst an overall view of the interdependence of the vari.ables,
such as found in nomographs and charts for instance o Against this,
the following points will be cited in favor of the present analysis~
i) In the Column Deflection Curve approach, (hereafter
referred to as C.DoC o approach), the history of loading
has to be assumed as producing a monotonically increasing
progression of curvature at a cross section o The present
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approach recognizes the possibility of a hysteresis-like
moment-curvature relationship, as dictated by some nonpro-
portional loading program, or as required by the local re-
versals of curvature which sometimes occur even under mono-
tonic loading. 3 An example will be presented in Section 3.4,
in which reversals of bending strains produce a significant
change in the mode of response o
ii) The CoDoC o approach in its present state of development does
not consider the possibility of lateral loads acting on the
member in addition to the end-forces and moments; nor is
there any way of utilizing the existing CoDoe o nomograms
to construct solutions for the case of lateral loads of
arbitrary distributiono The present approach is more flex-
ible in this respect o
iii) The same remark as above applies in the case of a prescribed
variation of axial force during the loading process o Al-
though CoD.C. charts are available for various intensities
of axial force, each solution therein assumes that the speci-
fied axial force has remained constant during the history of
loading o The present approach can, through the use of the
term F in Eqo 1 0 19, accommodate a variable axial force
history without any major modification in the computational
scheme: the instantaneous inelastic flexural stiffness
(which relates M to oX in Eqo 1 0 19 and which is a func-
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tion of the current F) can, without much error, be
o
assumed independent of the current F.
iv) It is sometimes desirable to include the effect of the
shear distortions in the calculations. In the CoDoC o
method, this would call for a complete revision of the
nomographs. The same remark applies in the case where
the member has a cross-section substantially different
than the wide-flange shape.
3.2 OUTLINE OF THE ANALYSIS
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The analysis is carried out as a straightforward applica-
ti9n of the minimum principle (1 0 20) which corresponds to the case
of displacement-type boundary conditions (oeu = oeL = 66 = 0) and
constant axial force (F = 0). Equation 1 0 19 shows the modifications
which would have to be introduced if force-type boundary conditions
were specified, or if the axial force F did not remain constant.
Transverse loading on the beam-column is not considered here, but,
t
in general, its inclusion is possible by adding a term -Sq(x) v(x) dx
0
to the left-hand side of the rate principle (1 0 19), . being ,theq
rate of increase of the distributed lateral load, taken positive in
the direction of y (Figo 4). In the following, the case without
shear distortions is outlined first; this is followed by a discussion
on the inclusion of shear distortions in the analysis.
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In essence, the procedure consists of the selection, from
among all deflection-rate curves v = v(x) having the prescribed
ordinates and slopes at the ends x = a and x;~, of the one
which will actually occur. The family of admissible curves will
normally be chosen as defined by a truncated trigonometric series
expression with constant coefficients to be determined o Such a
choice will yield curves with continuous derivatives of all orders.
It will be shown later (Section 303) that when hysteresis-like moment-
curvature properties are present, (i.e o , when there are finite jumps
in the value of the bending rigidity), then, at all such points the
curvature diagram y"(x) must remain continuous and its derivative
yftl (x) must have a finite jump. A limited-number-of-terms trigono-
metric series will ~eproduce this beh&vior in the limit only, hence
it is necessary to allow for this effect by taking a relatively large
number of terms. In this analysis, the following la-term series was
used:
o
V (3.1)
This expression can be made to satisfy the imposed boundary.
conditions (prescribed aL, ~U'
o~, Figo 4), by requiring that the
coefficients 8 1 00.00 •• ala satisfy the following equations
(3.2a)
78 1 + 282 + 383 + TT[(_l)i i 8 i +3 = t eui=l
0
a 1 + a2 + a3 = ~
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(3.2p)
(3.2c)
The remaining seven equations for the determination of the
a. will be obtained by applying the principle (1~22)o A straight-
~
forward applicatio~ of this principle would require:
tSK(x) v"
o
~Oll
oV
-- dxOaf
~
ov'
-- dx ::: aoa.
~
i 1 0 0 e 0 10 (3 .• 3)
However, it must be·noted that the variations 0V, ov" im-
plied by the minimum principle are admissible variations, i.e.,
variations which satisfy the boundary conditions imposed on the dis:-
placements. Since the series ,(3.1) itself does not satisfy the bound-
ary conditions, the variations ov' ov" as obtained from (3 0 1) willOaf , Oaf
~ ~
not be suitab le for use in (303) e On the other hand, the form of re-
lations (303) suggests that the operation carried out therein is an
application of the principle of virtual work, and that the same re-
suIts could be achieved by replacing the virtual deformation-rate
field defined as ov by any other admissible field. Thus, theOaf
~
difficulty is circumvented by arbitrarily assigning a sufficient
number (in this case, seven) of admissible fields
substituting and 0' for ov"Oaf
~
and
01
in (3.3). Hence:
tSK(x) v"
o
0" dx -
n
.tSF v' (/J~ dx = 0
o
n = 1 ...... 7 (3.4)
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The integrations indicated in this set of equations are, in
practice, a time-consuming operation, A considerable reduction in
labor is obtained by choosing the functions (/1 (x)
n
(which represent
virtual deformation-rates) not as smoothly varying curves, but rather
in the form of a set of broken lines. The end-slopes and end-deflec-
tions of each such "kinked" virtual field must satisfy the boundary
conditions, but the number and magnitude of the kink angles withi.n
the span is not relevant, provided that continuity be preserved,
The particular kinked virtual fields used in this analysis are de-
tailed in Table 2. Although the accuracy of the results would be
expected to improve by choosing fields having a large nu~ber of kinks,
satisfactory results were obtained with the relatively small number
of 4 kinks per field. However, care was exercised to locate the
kinks at different cross-sections in each field, such that all areas
in the span of the beam-column would be equally represented in the
resulting set of equations~ For this purpose, the span was divided
in 90 equal subdivisions and the kinked fields shown in Table 2 were
chosen i.n such a manner that a kink would appear in every 4th sub-
di.vision, starting from the 2nd subdivision at each end.
The effect of introducing kinked virtual fields is to re-
duce the integrations in Eq. 3D4 to summations:
[
m
K(x") v"(x ) "
m m m
o (305)
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where x denotes the kink location, 0 is the kink angle and
m m
rm,m+l is the slope of the linear element of the virtual field
which lies between the two kinks m+l and ffio (Table 2)
An important step in forming the set of Eqs. 3.5 is to
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determine the value of the inelastic flexural stiffness K at the
cross-section x. This requires special consideration if reversals
m
of curvature do occur o A discussion of this point is offered in the
following Section.
In the final step, the unknown coefficients a.
].
in Eq. 3.1
are determined from the simultaneous solution of Eqso 3.2 and 3.5.
The deflected shape is then found by back-substituting the a.
1.
in
Eq. 3.1 and the bending moment-rate at any cross section i.s determined
from M(x) = K(x) ~tt(x). Using the latter, the current total moments
at all cross-sections are calculated by incrementation o lrhe entire
analysis can then be repeated for further increments of the boundary
displacements, until the completion of the given loading program.
Since the length of the entire computation is proportional to the
selected number of finite increments of loading, it is advantageous
to cover the elastic (i.e., proportional) range of response with a
small number of large increments 0 (Fig. 11)
Inclusion of Shear Distortions
The importance of the contribution of shear distortions to
the flexibility of the member can be reali.zed by',considering the
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following example: an originally straight purely elastic beam-
column is bent in symmetrical double curvature without sway
(6 = eU L A = 0 in Fig. 4)0 Under the action of two equal end-
moments M and zero axial force, the end rotation due to moments
alone will be An additional end-rotation will take
can be calculated as
place, owing to the uniform shear force Q = ~; its magnitude
nQSs = AG' where A is the cross-secti.onal
area, G is the shear modulus and n is a numerical factor for
which a representat~ve value is n = 4000 By taking E = 2 066 G
and substituting 2I = Ar
"k
in the above relations~
e
s 32 n
eb == (t/r)2 ~
128
(t/r)2
This shows that for a short column, say t- =
r
20, the con-
tribution of the shear distortions to the end-rotation amounts to
24'02% of the total rotation. The effect rapidly decreases with in-
creasing 1ength~ for t- = 40
r '
the contribution is only. 704%0
In the following, the effect of plastification on shear
distortions will be neglected; this effect is not present in the
early stages of loading (when the web has not yielded), and its magni-
tude is limited by the fact that in those cases where the shear forces
r is the radius of gyration of the cross-sectiono
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are largest (ioe., double curvature bending) the plastic zones are
confined to short distances along the beam-column o
It is assumed that the deformation of the beam-column is
composed of two parts:
i) Bending deformation, in which cross-sectional lines remain
perpendicular to the longitudinal axis, both being tilted
with respect to the X axi.s by an angle v Tib (Fig 0 3).
ii) Shear distortion, which leaves the cross-sectional lines
in the directions but which changes their angle
with the longitudinal axis from 2TI to Zn ± v'.
s
The
final angle between the longitudinal axis of the member
and the x axis is then Vi + v' 0b s
The following four-term series is adopted for expressing
the variation of the shear component of the deflections along the
length of the column:
o
V
S
'TTX 2rrx
- a 13 cos lr - a 14 cos~ (3.6)
Since the cross-sectional lines do not rotate due to the
shear distortions, the first two of the boundary conditions (3.2)
remain unchanged o The third boundary condition is altered by adding
the expression all + a 12 + 8 13 - a 14 to the left-hand side.
In order to determine the four additional coefficients
all ~ •• ~ a 14 , four new virtual displacement fields involving shear
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strains must be defined o These may be specified to contain shear
distortions only; in this case each virtual field would consist of
a number of straight line elements separated by "shear steps," i060,
y
finite shear discontinuities which would lie c1long the direction of
the cross-sectional planes and the magnitudes of which would be such
that the entire virtual field satisfies the boundary conditions on
displacements. If 6m denotes the magnitude of the discontinuity at
x
m
' the equation analogous to (3.5) would be:
m
AG 0 I
-- V (x )
n s m IJ. -m '£
m
F ·v U (x ), A = 0b In m
However, it will be noticed that this equation does not
involve the curvature rate Vo
"b 0 As a result, its use leads to a
situation similar to the one described in Section 2 02, ii, i060, a
failure to satisfy the overall shear-moment equilibrium of the bodyo
To remedy this shortcoming, a set of virtual displacement fields
which incorporate bending as well as shear distortions must be intro-
duced o The fields used in this analysis are shown i.n the lower part
of Table 2 0 The equations relevant to this case are:
K(x l ) vb(xl ) - K(x2) vb (x2) - A; v~(x2) (X2 Xl)
+ F [Vb.(X2) ( x2 - xl ), - (V(X2) - V(X l»)] = 0 (3. 7)
IIi a mote ;'genetai~ 'seri.'se'·,';'~a1''1 1 ', ~l~~~n~:~Jirtu~l' 'disp1acements sholl 1d
be,~selected so as to contain shear as well as bending strains.
'Fot',simplicity, the seven previ.ously defined fields have been
left unchanged in this analysiso
where
o
V
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(without subscript) denotes the total deflection-rate
The solution is obtained by solving the set of equations
consisting of (305), (3.7) and the boundary conditions (3 0 2) (in
which the appropriate additional terms
inserted)Q
all • 0 • (I a 14 must be
303 THE MOMENT-CURVATURE-RATE RELATIONSHIP
The quantity K(x) appearing in Eqso 3.5 consists of the
current value of the derivative ~~ where M and X. are the moment
and curvature at section x, respectivelyo For monotonically increas-
ing curvature, the value of K(x) decreases steadily oWing to the
gradual plastification of the cross-section. However, if the loading
program is such that the curvature i.s reversed over some porti.on of
the member, this portion may be expected to exhibit a flexural stiff-
ness approximately equal to the elastic stiffness K = EI. This re-
presents a finite jump in the value of K as a function of the co-
ordinate x, and it is appropriate to ask if there will be a corre-
sponding jump in the curvature-rate X(x)o
The physical conditions require that ~(x) and ~~(x)
be cant inuous 0 Mor-eover_, the current ben.ding mOlmen·t M~ and t-h-e
product K.'X., which represents th-e bending moment-rate, must also
be con.t inuous Q Finally, it is known that at the point x
r
separat-
ing the regions of increased and reversed curvature the sign of the
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.
product MX changes. This may happen either because M changes sign
o
at "x while X does not, or vice versa. In the first case, it may
.. - .'r
be inferred that since M is continuous, it must be zero at X &
r'
this leads to the conclusion that the material on both sides of x
r
must behave elastically, hence the value of i is continuous there.
Since rcl .is continuous, then X is continuous. In the second case,
that of X changing sign at x
r
' it may be imagined that this change
in sign is accompanied by a finite jump at x . However, since K(x)
r
is surely discontinuous at x
r'
the product KX would approach two
different limits from + and and thus be discontinuous atx x
r r
x. Since this is impossible, it is concluded that the change in the
r
sign of X at x
r
is notua_pcorhpanied by a finite jump. Hence, in all
..
cases the curvature rate X (or V"b in the notation of the previous
Section) is a ,continuous function of x.
By using the condition (also required by physical consideTa-
tions), that the derivative d. 0 •- (KX) = K' v" + Kv ,,'dx b b is continuous at
X
r
, it can be shown by a reasoning similar to the one above that the
quantity must have a discontinuity at x •
r
Any representation
of the function Vb (x) as the sum of a limited ~llmber of trigono-
metric functions will tend to "smooth out" the discontinuity. However,
such an approximation can be tolerated in view of the fact that the
elementary bending theory used in deriving M-X relationships is, in;
itself, an approximate theory as far as the local effects in the vi~
cinity of points x
r
ar,e concerned.
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Moment-c.urvature relationships in the pre,sence of axial
loads are usually computed by making use of the assumption that
I 27
originally plane cross-sections remain plane. ': The particular
*curves reproduced in Fig. 10 also allow for the presence of coo1-
ing residual stresses of the type usually found in rolled W sections
39
of structural steel. The labels 003, 0.6, etc. identifying the
curves refer to the ratio of axial load versus the yield load in
axial compression. The non-dimensional representation permits the
use of the curves for sections other than the 8W3l.
For use in beam-column analysis, a simple algebraic re-
presentation of the M-X curves is necessary. A desirable feature
in any such representation is the possibility of controlling separ~
ately the sharpness of the "knee" portion of the cur\7e (Fig. 10) and
the slope of the strain hardening portion, if any. The following
formula affords this possibility:
K =
-TmErst + EI e
1 -Tm+ e
where (3.8)
Here, the parameter T controls the sharpness of the knee
and the slope of the strai,n hardening portion is determined by the
term El
st • K is the slope of the M-X curve, EI is the elastic
flexural stiffness, and Mpc' MP
are the fully plastic moment com-
Computed by Mr. B. P. Parikh of Lehigh University
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puted with and without concurrent axial force, respectively. The
value of T will range between 40 and 15 approximately, the higher
values producing sharper knees o The parameter ~ is always less
*than 100 and usually greater than 0 0 5. Values of T and ~
which will yield a good fit with a given M-X curve can be deter-
mined by trial and error. As an example, the two trial curves
(dashed lines) in Fig. 10 show that with a slight further adjustment
in the values of
approximated.
T and a the curve for F~ = 006
y
can be closely
The complete specification of the inelastic flexural stiff-
ness must also cover the case of curvature reversals. The hysteresis
behavior shown in Fig. l1a can be described by requiring that:
K(x) ; EI (elastic stiffness)
K(x) The value given by EqQ 3 0 8 whenever MX > 0
whenever MX ~ 0 (3.9)
The dashed lines, a and b in Fig. 1la, indicate that the
above description will fail to represent the correct behavior (line b)
in a short-term curvature reversa1 e However, such an occurrence is
rare. Another phenomenon not accounted for by the above description
is the Bauschinger.effect.
* A good estimate of the optimum value of a is given by
F F~ = 0.83 - 0.21 ~ where F is the ratio of axial force
to compressive yi~ld force~ y
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It is possible to write a single algebraic expression which
will yield the correct value of the flexural stiffness either in the
loading (MX > 0) or in the unloading <MX ~ 0) case. One such ex-
pression is:
Stiffness =
o
K + EI e -:M)(t
1 + e-Mxt
(3 0 10)
where t is a dummy parameter and K has the value calculated from
Eq. 3 0 8. The use of such an expression insures that, whatever the
.
sign of MX in the final result, the correct K value will have
been used at every cross-section. However, it also destroys the
linearity of the formulation. The complication thus introduced in
the analysis is not really warranted, since, i.n computer programming,
o
it is simpler to directly test the sign of MX and branch to the
correct stiffness expression, provided some advance indication of
this sign exists o
To provide an advance indication of the sign of MX at
the various cross-sections, the following device is used in the pre-
sent analysis: for a given set of boundary displacement-rates
eL, eu' ~, the c~rvature-rates in a purely elastic beam (zero
"Ie
axial load) can be immediately determined by elementary beam theoryo
The analysis proceeds by assigning the stiffnesses of the various
They are given by~ oX
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cross-sections according to the sign of these curvature-rates. A
check is made at close intervals along the beam-column to determine
whether the sign of the curvature-rates found in the solution agrees
with the one assumed earlier. If any discrepancies are found, the
solution is repeated with the improved information o In practice, it
is found that one or two such trials suffice to remove all discrep-
ancies. In exceptional cases four trials have been necessaryo
304 AN EXAMPLE INVOLVI.NG CURV'ATURE REVERSALS
To illustrate the use of the foregoing, a beam-column was
analyzed for a loading program consisting of a symmetrical single
curvature bending in two successive (and opposite) directions. The
slenderness ratio and axial load - yield load ratio selected for the
and.t
- = 40
r
FF = 0.5.
y
A standard computer program, desi.gned to carry out the
example were
beam-column analysis described above, was used in this problem.
The input consists of the description of the desired loading pro-
gram in terms of successive increments of SL' 8U and ~o The
output displays information on the correspondi.ng successive states
deformation and internal force fields. The computation time on
the GE 225 digital computer varies between 30 and 50 seconds per
increment, depending on the presence of frequent curvature reversals
and also depending on whether shear distortions are taken into account.
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The results of the analysis are shown in Figso 11 and 12 0
The moment-rotation relationship plotted in Figo 11 for Phase I
38
agrees very well with existing solutions based on the CoD.C. method 0
The peak in this curve reflects the instability produced by the axial
load F and precipitated by deterioration of stiffness at midheight
due to partial p1astifi.cationo The fully plastic moment for the cross-
section used (5W1805) is Mpc 238 kip-in. Because of the effect of
inelastic instability, the maximum end-moments which can be resisted
by the member are limited to 190 0 7 kip-ino
The behavior in reversed bending (Phase II) is also shown
in Figso 11 and 12. Owing to the residual eccentricities created by
the previous inelastic bending, the moment diagram evolves in such a
way that the largest moments occur at the ends of the member (Fig. 12).
Thus, the type of instability which occurred in Phase I is inhibited,
and the member can carry higher end-moments (Figo 11, curve II)o Had
the prestrain been greater, it is conceivable that the end-moments
would even reach the maximum value of Mpc
Further examples of the use of this analysis will be pre-
sented in Chapter 4, in a discussion of the behavior of columns in
an unbraced frame o
3 0 5 PRELIMINARY CONSIDERATIONS ON THE EXTENSION OF THE ANALYSIS
TO THE BIAXIAL BENDING CASE
The deformations of the/beam-column considered in the pre-
vious Sections were confined to one of the principal planes of bend-
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ing o A more general case of practical significance is simultaneous
bending in the two principal planes of the cross-section o The follow-
ing discussion is limited to beam-columns having an H-shaped cross-
section o
A large segment of the informati.on available on this subject
derives from the classical formulation of the problem of the torsional
buckling of elastic columns under concentric axial load. 40 ,4l This
formulation results in three si.multaneous ordinary, homogeneous
differential equations, expressing the equilibrium of forces in the
two pri.ncipal planes of bending and the equilibrium of torsional mo-
ment along the length of the column o The third equation contains a
40product term of the type~
d~ fa a2 dA
dz z
A
where d~dz is the gradient of the angle of twist along the length,
is the stress act-cr
z
ciA is an element of area on the cross-section, a is the distance
of this element from the shear center,40 and
ing on this element 0 In general, the stress cr
z
is a function of
the length coordinate, and it depends on the buckled shape; therefore,
this expression (and the differential equation in which it appears)
is non-linear 0 However, in the study of the torsional buckling of
elastic columns under biaxial bending, Timoshenko and Gere40 made
the linearizing assumptions that:
273.45
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a) The stress-state prior to buckling can be used for
the determination of cr.
z
b) The stresses Oz can be calculated from the end-
moments by neglecting the effect of the axial load.
In essence, this is not a bifurcation problem, but one of
ultimate load determination, since torsional moments are set up from
the very beginning of loading. It becomes a buckling problem only
by virtue of the assumptions made.
In an investigation of the inelastic lateral torsional buckl-
42ing of wide-flange beam-columns bent in one plane only, Galambos
and Fukumoto43 succeeded in removing assumption b) by reconstruct-
ing the entire pre-buckling stress-history at all cross-sections of
the beam-column and by substituting these stresses for cr
z
in the
above expression. The differential equations in this case are linear,
but since the coefficients are not constants, the solution is carried
out by the method of finite differences6
To solve the non-buckling problem of ultimate load determina-
tion for biaxial1y bent beam-columns, in which the differential equa-
tions are non-linear (in addition to having history-dependent, vari-
able coefficients), Birnstie144 adopted the scheme of reconstructing
the stress-history of every volume element of the column for a trial
set of final deflections (insofar as this can be done by the knowledge
of the final deflections alone) and used this information to compute
the variable coefficients appearing in the equations. The equations
were then integrated numerically to obtain a set of deflections. The
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cycle was repeated until the assumed trial deflections agreed with
the outcome of the integrations 0 This iteration converged only
before and at, but not after the attainment of the ultimate load o
The studies reviewed above were based on the buckling
. 40 41theory of thin-walled columns of open cross-sect1ono' This
theory makes use of cross-sectional properties calculated as follows:
a) The bending stiffness in two principal directions is
calculated with the assumption of plane cross-sections
remaining plane in both elastic and elastic-plastic
regimes.
b) The Saint-Venant torsional stiffness is calculated
from the usual formula for thin-walled open cross-
sections, but no agreement seems to exist as to the
contribution of the plastified regionso 43 ,44
c) The warping stiffness is calculated with the assump-
tion that there are no shear distorti.ons in the
tangential plane of the thin wall (WagnerUs hypo-
thesis40 )0 The contribution of the yielded portions
of the cross-sections is (justifiably) neglected.
d) The location of the shear center (with respect to
which the equations of equilibrium are written) is
calculated on the basis that the internal stresses
in pure bending should produce no resultant torque
(or vice versa)a
The solution of the problem of inelastic biaxial bending of
beam-columns by the foregoing formulation entails the determination of
the auxiliary quantities listed above 0 This is a laborious process,
and it is natural to seek a simpler, alternative approach o It is sub-
mitted (without proof) that for wide-flange shapes, an extension of
the analysis of plane bending based on rate principles (Section 3.2)
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may serve this purpose o The outline of such an analysis is summarized
below o
In this app~oach, the various stiffness coefficients are not
viewed as properties of the cross-section, but rather as properties of
the three plate elements of which the wide-flange shape is composed.
Four basic properties are involved for each plate: the in-plane bend-
*ing, shear and extensional stiffnesses and the Saint-Venant torsional
stiffnesso In the inelastic range these properties are interrelated
and moreover they may not be single-valued, in the sense that a differ-
ent stiffness vector may result if the sign of some of the generalized
strain components (curvature, shear, axial strain and twist) are re-
versed o Assuming that these properties can be calculated in some
manner, the analysis can proceed as follows:
i) Let the origin of the coordinate axes x, y, z be at the
centroid of the lower end of the column, the web being
directed along x and the longitudinal axis along z.
Also, let the subscripts 0, 1, 2 designate the web plate,
the flange dx = -- and the flange2
d
x=-2 ' respectively.
The deformations of the member can be described by the
following six functions of z: uo' va' e0'
*
where u and v are the x and y-displacements
o 0
It is assumed that, within each plate, originally plane cross-
sections remain plane during bending and that the in-plane shear
strain is uniform over the breadth o
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of the centerline of the web, ~ is the total angle of
twist, e is the angle between the cross-sectional lines
o
of the web plate and the x axis, and 61 ' 82, are the
angles between the cross-sectional lines of the flange
plates and the y direction o The shape of the cross-sec-
tion of the member is assumed not to change, therefore the
remaining displacements can be calculated from the above
six o The uniform compressive strain due to axial force is
disregarded, therefore the displacements w (in the z
direction) will be calculated from the first and second-
order bending effects alone o
ii) In keeping with the system adopted in writing Eqo 1 0 17 in
Chapter 1, the curvature-rates can be calculated as
d~o del de2
--.- --- --- and the average extensional strain-dz 'dz dz
d 0
rates in the flange plates as + - e 0 The shear strain-
- 2 0
duo 0
rates are ~ - 8
0
in the web plate, and similar quanti-
ties in the flanges 0
iii) The rate principle (1019) can be extended for this case
by including the generalized strain-rates mentioned above
(multiplied by the respective generalized internal force-
rates) and, in addition, the contribution of the Saint-
Venant torsion stresses o The terms related to the external
thrust F will read:
t
FJ(v~ v~ + u~ ~~)dz
o
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iv) The six deformation parameters may be expressed by as many
truncated series expressions in zo The coefficients in
these series will be determined by the same procedure as
in Section 3 0 2 0 However, in this case it will be advan-
tageous to select the series in such a way that the varia-
tions of the coefficients produce admissible displacement
fields.
The advantages~of this approach are the automatic inclusion
of shear distortions in the formulation, and the absence of any refer-
ence to the auxiliary cross-sectional properties such as the location
of the shear center, warping stiffness coefficient, etc e
4. INCRE:MENTAL FRA:ME ANALYSIS
4 0 1 SCOPE OF THIS STUDY - GENERAL OBSERVATIONS
The frames considered herein consist of plane assemblies of
rigidly connected linear structural elements having ductile properties.
Among other applications, plane frames are analyze~ in connection with
the design of multi-story building skeletons; the present study is
directed toward this particular application, and, more specifically,
toward the experimental verification of the extension of the plastic
method of structural design45 ,46 to the area of multi-story building
38frames 0 One of the purposes of the following Sections is to point
out the connection between the rate formulation presented in Chapter 1
and the "slope-deflection" method of frame analysis; another purpose
is to outline the analysis which forms the basis for the prediction
of the results of the frame tests reported in Chapter 50 Finally, a
Section is devoted to the discussion of a procedure which aims to
simplify frame design by separati.ng the consideration of non-linear
member behavior from the basic (linear) analysis of the frame.
Modern methods of linear multi-story frame analysis make
~ f h ~ f 1 ~ 47 ,48 , 49 < A ~ d f h' 1extens~ve use 0 t e matr~x orma ~sm. s~ e rom t e s~mp i-
fications gained in the writing of repeated linear transformations,
computational advantages are also found in the use of the matri.x nota-
tion, such as the rapid solution of very large sets of simultaneous
50 48linear algebraic equations by the tri-diagonalization procedure, '
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therefore, no emphasis will be placed on this aspect
The matrix formulation of the type of analysis chosen for this study
51has already been described in recent articles by Wang and by
H · 52arr~son,
of the problemo
402 BEHAVIOR OF THE ELEMENTS OF A FRAME
For the purpose of deriving the rate principle in Section 1.2,
a solid body was divided into a number of elements and interaction
forces were assumed between the elements (Fig. 1)0 It was then assumed
that, for a set of displacements imposed on the boundaries of an ele-
ment, the corresponding boundary forces could be determined from the
known mechanical properties of the element 0 The beams and columns of
a multi-story frame can be viewed as the elements referred to above.
At each end of these members the interaction forces consist of one
force vector (in the plane of the frame) and one moment vector
(pointing out of the plane of the frame). It is convenient to break
the force vector into two components, one directed along the line
joining the ends of the member, and the other, perpendicular to this
line o These components are referred to as the axial force and end-
shear of the ffiember o
In the next step, the end-forces corresponding to a set of
end-displacements must be defined. Since the element is in fact a
beam-column, beam-column theory must be used here o However, it is
observed that in classical beam-column theory,40 the relationship
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between the axial force and the end-displacement in the direction of
this axial force is a non-linear one, and that although the relations
between the end-moments and the corresponding end-rotations are li.near '"
they involve the axial force non-linearly. Hence, these relationships
are not suitable for use in linear frame analysis unless they are suit-
ably linearized in the vicinity of the current state of the beam-
'1(
column. This linearization has not been attempted to this date.
The compromise adopted in practice depends on the importance of the
axial force effects in the particular problem:
i) In the simplest case, the effects of the axial forces are
completely ignored, and the desired end-force vSo end-dis-
placement relationships are established by considering
flexural deformations alone o
ii) In the next best approxi.mation, the axial shortening of the
member is ignored, but the effect of the eXis~ing axial
load on the end-moment vs, end-rotation relationship is
taken into account by using beam-column theory and by
assuming that the current axial force has a known constant
value 0
iii) A better approximation results if that part of the axial
shortening which is due to uniform axial compression is
Their use cannot be avoided in buckling analysis however, and this
gives rise to the familiar transcendental equations for the criti-
cal frame buckling load. 41
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14% in error as compared to assumption iv)o
taken into account, neglecting the other part which is due
to the curvature of the member 0 The end-moments are calcu-
lated from the end-rotations by using beam-column formulas
as in ii)o
iv) In some cases, it may be decided to neglect the effect of
axial force on the end-moment vs o end-rotation character-
istics but otherwise retain assumption iii)o
Little information exists as to the limits within which
these assumptions can be used with confidence 0 In Ref o 49, a compari-
son is offered for a 20-story frame containing shear walls, analyzed
elasticallyo Under wind loading only (ioe o ~ no gravity loads on the
girders), the sway at roof-level calculated by assumption i) was
67In another study,
the effect of neglecting the part of axial shortening due to curva-
ture was investigated for the particular case of a one-panel, pin-
jointed indeterminate truss o With very slender compression members
(t/r = 80), the errors caused by this assumption were found to be in
the order of 15%0 This result is not particularly relevant to the
present discussion, since the curvatures which were considered were
caused by initial eccentricities and not end-moments o
*Adopting assumption ii), the required linear end-moment
end-rotation-rate relationships are recorded here for later use53
(Figo 13):
* For the 3-story frames analyzed in this study, this assumption
was deemed sufficiently accurate.
273.45 -86-
. e. ekMik = Cik + Sik + Gik P~
(4.1)
. e~ 8k +
..-
~i ~-: Ski + Cki Gkg P~ ~
,~
where: EI EI EI
c . ek
c 6k and
c .e. = e~ = p = - P1 t
c
1 ~c t" c
I and ~ are some fixed reference values of moment of inertia and
c c
length, respectively.
In view of the assumption ii), the columns do not shorten,
hence for beams, p = 0 0 If, in addition, the assumption is made that
the axial force in the beams has negligible effect on bea~ ~tiffness,
then the coefficients C and S have the values 4K and 2~ respec-
I ik .{,C
tively, where K = Ie ~ik·
The expressions (4 0 1) would contain additional terms if the
lateral load acting along the span of the member were incr~~sed at the
same time as the end-displacements. Since the present st44y is con-
cerned primarily with the effects of wind loading on bui14ing frames,
in which the gravity loads acting on the girders remain co~stant,
such additional terms do not appear in the equations g
The effect of a plastic hinge appearing in a member is to
make a further rise of moment impossible at that location, the remain-
der of the beam continuing to behave e1asticallyo Figure 13 shows the
values of C and S relative to four different plastic hinge locations.
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In columns, the coefficients C, Sand G will reflect
the effect of axial force on stiffness. Their values are listed in
standard works on the subject,41,53 and wi.ll not be repeated here,
It will only be noted that the case of a plastic hinge appearing at
one end of a column can be handled in the same manner as shown in
Figo 13e In this connection, it must also be mentioned that a plas-
tic hinge appearing in a column which carries a large axial load will
behave in the manner assumed above, only i.f this axial load remains
nearly constant during the subsequent loading history. Otherwise, a
corresponding change in Mpc results, with attending complications
in the representation of member behavior o The case of rigid-plastic
column under such conditions was examined in detail in Section 1 0 3a.
Additional work needs to be done to cover the case of the elastic-
plastic column o
A further point of interest is the hysteresis behavior of
a plastic hinge: if the end-displacements of the member are such that
the bendi.ng strains are reversed in any plastic hinge zone, then this
zone will behave elastically, and the overall characteristics of the
member will be altered o Restricting attention to the case of one
plastic hinge in the member, this "bivalent" behavior can he repre-
sented by two sets of constants~
+Gkf1.
and
G~k1.
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The passage from one mode to the other can be predicted by
observing the sign of a suitably determined linear function of the
end-displacement-rates:
The end-displacement-rates e. ,
~
o
p being unknown at
outset, this criterion must be applied a posteriori: one of the above
sets of coefficients is chosen for each member, and the frame analysis
is carried out; with the displacement-rates thus calculated, the crite-
rion 4 0 2 is applied to verify whether the correct set of coefficients
was used for each member o If inconsistencies are detected, the analy-
sis can be repeated with the alternate set of coefficients o This trial
and error procedure is necessary because a one-step mathematical tech-
nique for solving a set of si.multaneous equati.ons with bi.valent co-
efficients does not seem to be available o
403 FORMULATION OF THE ANALYSIS
It was shown in Section 1 0 2, that a solution which satisfies
the rate principle (1 0 5) also satisfies the rate equations of equilib-
rium between the forces acting on the element interfaces 0 For the
linear problem considered here, there is no advantage in formulating
a variational solution; the rate equations of equilibrium at element
interfaces (beam and column intersections), can be set up and solved
in a straightforward manner; if the external forces are applied not
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within the span of the members, but at their intersections, these
external forces can be included in the equilibrium equation of the
intersection and thus no separate boundary conditions need be en-
forced. In the case of rectangular unbraced frames subjected to
wind loading, the set of equations described above can be put in
the familiar form:
4 0
}2 M. k1 1
a at each intersection (4.3a)
1:: (Mik + ~i) + lL iI + h P lI!' = 0
m
at each story (40 3b)
In the first equation, the sununation is o'ver the four end-moments
involved at each intersection of beam and column lines. In the second
equation, h is the story height, H is the total wind force acting
above the story, ~ is the total vertical load resisted by the columns
of that story, ph is the rate of sway common to all columns of the
story, and the summation in the first term comprises all the columns
of the storyo The term in F accounts for the so-called "poA effect",
and is obtained by considering the hori.zontal component of the column
axial forces in a tilted configuration of the column l1nes o It will
be recalled that in the case of wind loading alone, the total gravity
load, Jel, remains constant, although its distribution to the columns
obviously varies o Equation 4.3b is not affected by the manner in
which P is distributed to the columns.
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By substituting EqG 4 0 1 into Eqo 403, the moment-rates
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Mik are eliminated, and the resulting set of equations can be used
to calculate the unknowns 8.,
~
op for each member. The coef-
ficient matrix of this set of equations will contain the constants
Cik , Sik' etco~ characterizing the stiffness properties of the mem-
bers o These properties are altered as plastic hinges form in the mem-
bers o By making the appropriate changes in the coefficient matrix,
successive incremental solutions are carried out until sufficient
plastic hinges form to allow the frame to deform by rigid-body mo-
tions of its elements (the mechanism state).
The analysis outlined above was programmed for the GE 225
digital computer. Input information consisted of the frame geometry,
beam and column properties such as elastic stiffness, plastic moment
capacity, coefficients etc" and of the set of bending
moments due to the prior applicati.on of gr'avity loads to the frame 0
The program output contained the calculated joint rotations, story
sways, accumulated bendin.g moments and the locations of the plastic
hinges 0 This information was listed at the formation of each new
plastic hinge. Computation time was approximately 6 minutes for a
3-story, I-bay frame (8 plastic hinges to collapse) and 9 minutes
for a 3-story, 2-bay frame (15 hinges to collapse)o The numerical
aspects of the results will be presented in the next Chapter o
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404 ALLOWANCE FOR SECONDARY LOSSES IN STIFFNESS
The columns in the lower stories of tall bui.ldings are often
subjected to axial loads of such magnitude that secondary losses of
stiffness occur as a result of the spreadi.ng of the yielded zones
over comparatively large distances from the idealized location of
*the plastic hinges. Although it is quite possible to represent this
behavi.or by linear rate relationships such as (4 0 1), this is a cumber-
some procedure because it requires the re-evaluation of the coeffi~
cients Cik , Sik' etc., at very close intervals of load-history,
and also because it makes heavy demands on storage space in a com-
puter program o ~n the other hand, neglect of this effect leads to
unconservative results o Therefore, it is desirable to make an allow-
ance for this effect in such a manner that the simplicity of the
basic analysis is preserved 0
An obvious scheme is to replace the parameters describing
the mechanical properti.es of the column by properly chosen fictitious
values 0 In order to do so, it is necessary to determine in advance
the probable mode of deformation of the column, i060, whether single
or double-curvature o Charts describing the response of a single beam-
column in various modes of deformation are availableo 38 Using the
* Such a situation is shown in Figo 21 0 The yielded zone is seen
to extend much farther than in the beam hi.nge shown in Figo 20 0
The strain gages are located at IS-in o from the end of the mem-
ber in Figo 20, and at 30-ino in Fige 2l Q
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appropriate chart, it is possible to assign fictitious values of EI,
M C S etco, such that the response of a beam-column hav-pc' ik' ik'
ing discrete-hinge properties will approximate that of the actual
beam-column o
By using the standard analysis described earlier, the strength
of a frame containing these fictitious members can be determined. It
is then desired to know whether the strength of the actual frame will
indeed exceed (or at least be equal to) the strength just determined.
To veri,fy this, those members which were replaced by weaker substi-
tutes can be analyzed as beam-columns, using the procedure indicated
in Chapter 3 in conjunction with the end-displacement hi.story obtained
from the analysis of the fictitious frame 0 If the actual beam-column
can be shown to undergo this end-displacement history and deliver end-
reactions higher than (or at least equal to) those supported by the
fictitious member in the first analysi.s, then it will be inferred
that the strength of the frame has been conservatively estimated by
that analysis. A proof of this asserti.on has been attempted,. ':C;tnd
*is reported in the Appendixo
For convenience in the deductions, it has been assumed that the
boundary conditions imposed on the structure are of the prescribed
displacement type rather tha'n the prescribed force typeo
50 EXPERIMENTAL VERIFICATIONS OF UNBRACED FRAME ANALYSIS
501 INTRODUCTION
The tests reported in this chapter were undertaken with the
specific purpose of verifying the validity of frame strength predic-
tions in the presence of axial load effects o Previous experimental
work on inelastic frame behavior has largely consisted of verifica-
tions of "Simple Plastic" theory, in which the deleterious effects
of axial loads were kept to a minimum 0 A summary of such work can be
found in Refs o 25 and 54. Of the few tests conducted with the in-
stabili.ty effects in mind, the majority belongs to the class of model
testingo 55 ,56,57,58,59 A total of three full-size frame tests have
been reported by Baker and Charleton60 and Roderick,61 in which
the observed instability effects ranged from moderate to none o
The three major effects of column axial loads on the plas-
tic failure characteristics of unbraced multi-story steel frames can
be classified as follows:
a) Reduction of the fully plastic moment of the cross-
sections
b) Loss of beam-column stiffness due to the spreading
of yielded zones away from the location assumed in
theory
c) Reduction of frame stiffness in the sway mode due
to the amplification of column shears through the
"PoD. effect o"
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All three effects were exhibited in this series of tests on
3-story structures. In two out of three tests conducted, the effect
was enhanced by the application of additional vertical loads to the
columns at roof level. The selection of member sizes reflected a
desire to induce a particular mechanism of failure rather than to
secure the attainment of a particular design load level. Hence, al-
though the vertical (gravity) loads applied on all three frames were
nearly identical, the maximum horizontal (wind) loads resisted in
each case were widely different. The tests permitted the observation
of two basic configurations of the failure mechanism for unbraced
multi-story frames of moderate si.ze~ the sway mechanism, in which
all columns in a given story develop plastic hinges at their upper
and lower ends, and the combined mechanism in which columns remain
elastic whereas the beams fail by developing two hinges each. The
tests also provided a demonstration of the known fact that the attain-
ment of the maximum wind load does not coincide with the formation of
a complete mechanism, and that a considerable gap may exist between
the two conditionso
The frames were tested under non-proportional loading condi-
tions: the vertical loads were applied initially and maintained con-
stant during the subsequent application of horizontal loads o This
loading program is thought to be somewhat more severe than the pro-
f 1 60port~ona program.
The interpretation of test results made extensive use of
the frame analysis described in the preceding chapter; that analysis
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Chapter 3 0
was formulated by neglecting the axial shortening of the members and
the changes in the mechanical properties of the beam-columns under
the variations of axial load caused by wind action o These assump-
tions were made possible partly by the non-proportional loading pro-
gram adopted, and part ly by the limi ted number of st,ories tested 0
In those cases where beam-column action introduced appreciable de-
partures from the linearized representation used in the analysis,
the members involved were re-analyzed b.y the method explained in
It will also be noted that the values of EI and Mp
used in the frame analysis were handbook values, and not those ob-
tained by actual measurements o
5 0 2 DESCRIPTION OF TESTING EQUIPMENT AND SPECIMEN FRAMES
Testing Equipment
The tests were conducted on actual-size specimens incor-
porating W shapes of A36 steel in the 5-in. to lO-in o range 0 The
magnitude of- the loads to be applied to the frames precluded -the
use of such loading arrangements as dead weights, even if magnified
by lever systems; all loads were applied by hydraulic cylinders
actuated by two central pump systems, one feeding the vertical load
system and the other, the horizontal system.
The mounting of the vertical load cylinders presented a
special problem in that the vertical loads would have to be displac~
ed,th:r:()ugh:.~th'e,·.sway:-rri.o·,1:ion-s of the test frame. A special mechanical
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linkage was designed and constructed to this effect o Figure 14
-t(
shows the mode of operation: the hydraulic cylinder i.s mounted
in the cradle formed by the central triangular link o The kine-
..v...*
matics of this mechanism'" is such that the path of the lower end
of attachment of the cylinder is very nearly horizontal over a
travel of approximately 30 inches o Thus, in the equilibrium posi-
tion of the linkage, only a vertical force can act at this point.
In addition to these "gravity load simulators," special
lateral braces were constructed in order to confine the deformations
of the test frame to its own plane without exerting restraining
forces in this planeo The entire test setup is shown in Figo 15.
The test frame (painted white) stands between two parallel auxiliary
frames which serve to carry the reaction of the loading sys~em as
well as providing points of attachment for the. lateral braces o
Deflection measurements were taken by means of transit
and level sightings; joint rotations were measured with specially
constructed electrical gages read remotely from ground level o
Groups of four electrical strain gages were affixed at certain cross
sections on the members in order to provide measurements of bending
moments 0
A complete description of this and other pieces of equipment
used in these tests iM given in Ref. 680
Known to mechanical engineers as the "Robert's mechanisffi o "
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Test Specimens
Three specimens, designated A, B, and C, were shop-
fabricated and erected on the test bed o Member sizes and some rele-
vant dimensions are indicated in Figso 16 and 170 A36 grade rolled
steel shapes, in the gagged (not rotarized) condition, were used.
The configuration and magnitude of the vertical loadi.ng is also
shown in Figs. 16 and 17.
,The all-welded beam to column connections were designed so
as to remain elastic in the worst loading condition; the purpose was
to eliminate connection flexibility as a factor affecting the strength
of the frames o
The fully fixed condition was obtained at the bases of the
columns by welding the columns to 2~-ino thick base plates and by
bolting these plates onto the test bed by means of 3-1n o diameter
prestressed bolts o Measurements of the rotation of this plate indi-
cated that a high degree of fixity was achieved.
Welded stiffeners were placed at the points of load applica-
tion, and also at the points of lateral bracing on the compression
flanges of the beams~(Figso 16, 17).
To verify the conformity of the mechanical properties of
the members with the handbook values, a series of seven simple beam
tests were conducted on beams of the same stock as the frame elements.
The results of these tests are shown in Table 3. In all cases the
agreement was satisfactory.
273.45
Testing Technique
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A constant pressure was maintained at all times in the verti-
cal loading system by means of a pressure regulating valve connected
to a pump running at steady speed o The horizontal loads were applied
by admitti.ng enough oil in the cylinders to cause a selected increment
of sway deflection o These loads were measured by reading the result-
ing pressure after a time interval of 20 minutes, to eliminate dynamic
yield effects. In order to make certain that the pressure drop which
occurred during this time interval was not due to leakage of hydraulic
fluid, the sway deflection was read both at the beginning and at the
end o:E the interval o A recovery of deflection would indicate fluid
leakage; no recovery could be detected in any of these tests, except
for the i.niti.al phase of the test on Frame A. In this case the condi-
tion was corrected before the resumption of testingo
Testing was continued until all available stroke in the
bracing linkages and/or the hydraulic cylinders was exhausted. In
some cases the direction of the horizontal loads was reversed at
this point, and the frame was tested again in one or more consecutive
cycles o
5 0 3 TEST RESULTS - FRAME A
The member sizes of Frame A (Fig. 16) were selected so as to
obtain a combined-mechanism type of failure. The complete analysis of
this frame is summarized in Figo 18. The sway deflection plotted in
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the figure is the total sway at roof level, measured with respect to
the ground o The upper curve was obtained by neglecting the P.~
effect (last term in Eqo 4.3b), but by using the reduced plastic
moment capacity Mpc rather than the full value M·p' in this way
the difference between the two results reflects solely the effect
of the Po8 terms 0 The numbers on the sketch show the order of
formation of the plastic hinges o The first hinge forms as a result
of the application of the vertical loads, prior to any lateral load-
ing.
The initial phase of the testing of Frame A was hampered by
equipment failures o The test was interrupted and resumed several
times over a period of one month, until some faulty hydraulic equip-
ment could be replaced o During this period, a total permanent de-
flection of 3 inches had been produced at 3rd story level (dashed
curve in Figo 19)0 However, with the installation of new equipment,
it was possible to reload the frame and deform it through an addi-
tional 7~ inches. Certain as yet unexplained fluctuations in load
measurements occurred during this phase, but nevertheless the general
*load-deflection response fell within the expected limits o (Figo 19).
The excess of the test load over the predicted load can probably be
attributed to strain-aging effects.
* The points plotted on the test curve in Figo 19 represent succes-
sive reading stations.
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The test was successful in reproducing the type of collapse
mechanism predicted by analysiso All visible yielding took place at
the eight hinge locations shown in Fig. 18. The columns remained
elastic throughout their length, except at the hinge locations at
the base (Figso 20,21).
Figure 19 also shows the measured load-deflection behavior
under reversed loading. A higher maximum load is seen to occur in
the new direction o The reason for the increased carrying capacity
is closely connected with the effect observed in Fig. 11; when all
wind loads are removed from the frame, the residual permanent sway
deflections, in conjunction with the existing vertical loads, create
a "residual P.b effect" which must be counteracted by some portion
of the reversed loads. (This effect is not to be confused with the
residual bending moments which are set up as a result of permanent
angular kinks at the plastic hinges 0 The latter effect has no
appreciable influence on the overall strength of the frame.)
5.4 TEST RESULTS - FRAME B
This frame was designed so as to exhibit a sway-type mecha-
nism; in other respects, it was similar to Frame A (Fig. 16)0 The
axial load versus yield load ratio for the lower story columns of
Fthis frame is ~ = 0.445, as compared to 0039 for Frame Ao The re-
y
suIts of a standard computer analysis are shown in Fig. 22. It will
be observed that the collapse mechanism involves column hinges only.
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Figure 23 shows a plot of measured test load (solid line)
versus sway deflection o The dashed line represents the behavior pre-
dicted by analysis, It is evident that the prediction needs improve-
ment in the region of peak load o From Fig. 22, it is seen that this
region corresponds to the formation of plastic hinges in the lower
story columns. It was noted in Chapter 4 that an improved representa-
tion of actual conditions can be obtained by re-analyzing the critical
members of the frame (in this case, the lower story columns) for the
end-displacement history obtained from a linear frame analysis. This
was attempted in the present case, and the results are shown in Fig. 24.
The dashed lines in this figure represent the shear in columns AB and
CD as calculated in the linear analysis. The dotted curves show the
correspo~ding values as given by the beam-column analysis outlined
in Chapter 3. Adding the shears in individual columns, the total
story shear is obtained; comparing this with the story shear measured
in the test (solid line), it can be seen that the procedure just ex-
plained gives a fair estimate of the strength reduction caused by
beam-column action. It must be remembered that this procedure is
only an approximation of the real situation, since the end-displace-
ment history as given by the linear analysi.s cannot be expected to
remain unchanged when member properties are changed 0
To verify the order of formation of plastic hinges, the
bending moments at both ends of the lower story columns were com-
puted from strain gage data; these are listed in Table 4. The heavy
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in the central column was
horizontal lines correspond to the load level at which the linear
analysis predicts the formation of a plastic hingeo It is seen that
the tabulated moments rise above the M value at or near thepc
expected load leve1 0 This is an indication that the predicted hinge
formation sequence was actually obtained.
505 TEST RESULTS - FRAME C
The general configuration and member sizes of this 3-story
2-bay frame are shown in Figo 170 In thi.s case, additional column-
top loads were not applied; the axial load versus yield load ratio
F
Fy
The analysis shown in Figo 25 shows that maximum load is
reached at the formation of the 13th plastic hinge (No 0 9 on curve).
The formation of the 14th hinge is also plotted in the figureo The
remaining hinge was found to form after a considerable amount of addi-
ti.onal deformation, a fact which indicates that frame strength calcu-
lations based on the plastic mechanism state alone may seriously under-
estimate the maximum carrying capacityo
Test results are plotted in Figo 26, and show an excess of
strength over that predicted. Figure 27 shows the progress of yield-
ing at two successive stages of the test; Load Noo 9 corresponds
approximately to the attainment of peak load~ and Load No. 15 repre-
sents the terminal stage of the test. It is seen that the original
pattern of yielding, corresponding to the beginnings of a combined
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mechanism, gradually gives way to a pattern more suggestive of a
sway mechanism o
Both discrepancies (underestimation of maximum load and
incorrect failure mechanism) may be explained by considering an addi-
tiona! factor which was neglected in the previous analyses: it i~
commonly observed that due to the restrain~ng action,of the connec-
tions, plastic hinges tend to form not at the face of the connecting
members, but at some dist~nce away from it (Figo 20)0 This effect
can be accounted for in an analysis, by requiring that the moment at
this distance from the face be compared to Mp in the process of
hinge detectiono This modi.fication was introduced i.n the analysis,
and resulted in the predic.tion curve labeled tlAnalysis 2" in Fig. 280
From this curve, an.d the accompanying sketch of hinge locations, it
can be seen that the proposed explanation removes the observed dis-
crepancieso It must be added that this explanation involves only
one of the possible causes of these discrepancies 0 Other contrihut-
ing factors are: the onset of strain hardening, the difference be-
tween measured values of M and the handbook values used in thep
analysis, and finally, early loss of stiffness in columns due to
gradual plastification, as discussed under Frame B.
Figure 29 shows the results of a complete cycle of load
reversal o The apparent increase in maximum load is quite similar
to the one observed in Frame Ao The test was terminated at the end
of the cycle shown, when pronounced local buckling of the first floor
girder at a plastic hinge location made the member unable to support M •
P
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5 06 CONCLUDING REMARKS
From the above description, it may be concluded that the
response of unbraced multi-story frames to lateral (Wind) loads can
be predicted with sufficient accuracy by a linearized elastic-plas-
tic analysis which takes into account the second-order instability
effects caused by the gravity loads o In those cases where this
analysis indicates a predominance of plastic actidn in the columns,
it will be advisable to investigate the effects of beam-column in-
stability on the overall strength of the frame 9 At present, this
can be accomplished only by approximate methods, such as the one
described in Section 4040
Further work is needed to determine the limiting number of
stories above which the effects of column shortening must be taken
into aCCQunt o The case of the multi-story frames in which wind
forces cause appreciable changes in column axial loads was not
covered in this StudY9
6 0 Sill1MARY
The use of a variational principle governing the instan-
taneous rates of deformation of a solid body "was advocated as an
efficient means of obtaining approximate incremental solutions in
those cases where material and geometrical non-linearities make a
direct solution impossibleo A derivation of this rate principle in
terms of a vectorial representation of forces and displacements was
presented. A review was made of the various forms under which rate
principles have been stated in the literature, with reference to
specific material properties. A numerical example was carried out
on the large deflections of a rigid plastic cantilever column. The
manner in which the use of a rate analysis would:help linearize the
formulation of geometrically non-linear problems was demonstrated by
treating the case of the large deflections of a plane curved member
possessing flexural and extensional stiffness o
A preliminary investigation was described on the question
of the profile of strains obtained in the web of a partially yielded
beam under pure bending. The results of an approximate analysis were
presented, showing a marked tendency toward a non-plane distribution
of bending strains o
An inelastic beam-column analysis based on the rate principle
was described and compared to existing analyses. The possibility of
analyzing beam-columns by this method, by including the hysteresis
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behavior of the moment-curvature relationship was demonstrated by
an example. The inclusion of shear distortion effects was described.
An extension of the analysis to the case of biaxial bending was pro-
posed.
The rate analysis of elastic-plastic plane rectangular
frames, and its reduction to the classical slope-deflection method
were discussed o The validity of a method was examined, in which a
fictitious member with linear mechanical properties is substituted
for a member having more complicated characteristics o
Three tests on full-size multi-story steel frames were
described 0 It was shown that a linearized elastic-plastic analysis
can adequately predict the inelastic response and the failure mecha-
nism of such frames under wind loading. In the case of one frame
having slender columns, the influence of the spreading of yielded
zones on column stiffness ·.was demonstrated 0
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70 NOMENCLATURE
Chapter 1
Constants appearing in curvature-rate expression
Tensor of strain deviation
Function describing yield condition
Force vector at element interface, acting on element 1
Boundary tractions in the X, Y directions
Axial force on beam-column
Prescribed boundary traction
Force vector at element interface, acting on element 2
Shear modulus
Yield stress in pure shear
Flexural stiffness
Length of rigid-plastic bar
Bending moment
Fully plastic value of bending moment
Direction cosine of boundary element
Axial force
Fully plastic value of axial force
von Mises' plastic potential; also applied axial force;
potential of external loads
Position vector of boundary point with prescribed
tractions
Prescribed vector of boundary traction
-107-
~
r b
4>
Rb
ST
4
s.
1
s ..
1J
S.E.
t
T.PoE.
T.
1
U
Uo'Vo,wo
U
v
Vb' v s
v.
1
V
~
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Prescribed position vector of a point on boundary
Reaction force vector at boundary
Portion of boundary where loads are prescribed
Position vector of point on element interface
Tensor of stress deviation
Strain energy
Time
Total potential energy
Component of boundary traction
Longitudinal displacement of rigid-plastic bar.
Also, x-displacement
Set of fictitious displacement functions
Hill's potential
Displacement in y direction
Components of displacement due to b~nding and shear
Component of boundary velocity
Shear force; also volume of solid body
Non-dimensional factor tN 1M
P P
Deforming system of coordinates
Fixed system of coordinates
Ratio of axial displacement to rotation at plastic
hinge
A set of constants to be determined
A set of constants to be determined
Strain tensor
Uniform axial strain
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End-rotation of beam column
Constant of proportionality, Reuss material
Constant of proportionality, von Mises' material
Ratio of lateral load to axial load
Stress tensor referred to material coordinates
Portion of surface with prescribed traction-rates
Time
Rotation of rigid-plastic bar
Coordinate functions
Curvature
Coordinate functions
Denotes kinematically admissible displacement fields
Denotes statically admissible stress fields
Denotes partial derivative with respect to time
(time rate)
Chapter 2
Af Area of one flange plate
.-
A. Coefficients to ~be determined
~
A Area of web plate
w
b Width of flange
Bjk Coefficients to be determined
C Coefficients to be determined
m
d Depth of web plate
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E, E'
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~
F
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t
u, v
x, y
X
e: ••
~J
e
~
(J ••
~J
C/J
a
a.
1
A
E
F
Fy
Moduli of elasticity
Selected functions of x only
Axial force
Selected functions of y only
Length of beam segment
Generic symbol for thickness
Displacements in the x and y directions
Fixed system of Cartesian Coordinates
Denotes numbered di.vi.sions along beam length
Components of strain
Total rotation of end cross-section
Paissonis ratio
Components of stress
Rotation per unit length of beam
Chapter 3
Distance from shear center
Coefficients to be determined
Cross-sectional area
Modulus of elasticity
Strain-hardening stiffness in bending
Axial force
Yield load in compression
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n
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6b , es
Shear modulus
Moment of inertia
Inelastic flexural stiffness
Length of beam-column
Coefficie.nt of moment intensi.ty
Bending moment
Fully plastic moment
Fully plastic moment in presence of axial force
Shear stiffness coeffic.ient
Distributed lateral load
Shear force
Radius of gyration about strong axis
Dummy variable
Coefficient for curve fitting
x-displacement of centerline of web plate
Total displacement in y direction
Components of v due to bending and shear
y-displacement of centerline of web plate
Coefficient for curve fitting
Slope of linear element between points m and m+l
Displacement in y direction at x = ~
Virtual shear distortion at point m
Rotation of cross-sectional plane of web and
flange plates
Components of end rotation due to bending and shear
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Rotation of beam-column at upper and lower ends
Stress in longitudinal direction
Virtual displacement fields
Angle of twist
Curvature
Kink angle of virtual displacement field at
point m
Chapter 4
Slope-deflection coefficient
Modulus of elasticity
Slope-deflection coefficient
Story height
Total horizontal load above story considered
Reference value of moment of inertia
Moment of inertia of member
Member stiffness coefficient
Reference value of member length
Length of member
End-moment
Total gravity load above story considered
Slope-deflection coefficient
End rotation of member
Chord rotation of member
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Table 1 Series Representations for_' Cases I and II
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Virtual Displacement Fields for Beam-Column Analysis
I
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Field Xl X2 X3 X4 G'I ~2 f;s °1 °2 °3 °4'j
1 2 18 72 88 1 0 -1 1 ... 1 ... 1 1
2 6 22 68 84 1 16 1 1 39 39 -1~ 23 -2.3 .... 23
3 10 26 64 80 1 0 -1 1 -1 -1 1
4 14 30 60 76 1 16 1 ~ 31 31 -1
-IS -IS -IT
5 18 34 56 72 1 0 -1 1 -1 -1 1
,6 22 38 52 68 1 16 1 1 23 23 -1
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Field ~1 X2 0 ~ Field X X2 (2 A-l
1 10 64 1 54 3 18 56 1 38
2 26 80 1 . 54 4 34 72 1 38
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Table 3 Measured Properties of Beam and Column Sections
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Frame Section Handbook Measured Handbook Measured
EI EI M M
k. ..2 2 P P1p-1n. kip-in. kip-ino kip-in.
x ][)4 x 104
A 8Vf20 204 202 688 680
A 6Vf25 158 187 685 740
B 10\f25 394 390 1060 1100
B ~ 5M18 ~ 9 70 73 400 400
C l2B16.5 310 271 742 845
C 10B15 203 190 576 635
c 6W25 158 165 685 760
273.45
Table 4 Measured Column Moments· - Frame B
D B
C A
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M 264 kip-in.pc
Load Load H Me ~ MA MBNo. kip kip-in. kip-in. kip-in. kip-in.
3 0 90.1 18500 -8006 -18308
4 0.80 20.4 121.6 -150.0 -236 05
5 1.18 -60.1 64.6 -180.7 -262.5
6 1.42 -138.0 -146.0 -206.8 -272.0
7 1.60 -206.4 -76.6 -222.0 -276.5
8 1.62 -236.0 -134.1 -241 07 -285.0
9 1.55 -270.0 -196.0 -234.6 -286.0
10 1.32 -282 03 -251.5 -237.7 -290.0
11 0.98 -293.3 -277.0 -244.0 -307.0
12 0.19 -315.4 -294.0
273.45
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a.lnitial state
b. Actual f ina'
'state
c. An admissible
final state
Fig. 1 Admissible and Actual Final Configurations
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Fig. 2 Large Deflections of Rigid-Plastic Cantilever
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Fig. 3 Current Configuration 'of Beam-Column
-
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~dt
•8Ldt
•~·~V+V,dt
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Fig. 4' Idealized Beam-Column Problem
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CASE 1
x
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23456789
y
d =12
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x
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Fig. 5 Cases Selected for Study of Strain Profile
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Fig. 6 Strain Profiles for Case I
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I t
o 5 IOx10- 4
SCALE FOR STRAINS
(q, =1.0 10-4 )
Fig. 7 Strain Profiles for Case I (Continued)
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X=I
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I
o 10 20)(10- 4
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Fig. 8 Strain Profiles for Case II
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Fig. 9 Strain Profiles for Case II (Improved Series Representation)
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Fig. lla Moment-Curvature Relationship with Hysteresis Loop
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Fig. 12 Moment Diagrams at Successive Stages of D~formation
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Cki =3K
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Ski =0
Fig. 13 Member End-Forces and Deformations
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Fig. 14 Gravity Load Simulator (Double Exposure)
Fig. 15 Overall View of Test Setup (Frame C)
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Fig. 20 Hinge at Leeward End of 1st Story Beam - Frame A
Fig. 21 Hinge at Windward Column Base - Frame A
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9 0 APPENDIX
Examination of the Statement on the Substituti.on of Weaker Elements
(Chapter IV)
The assertion to be examined can be summarized as follows:
Given a structure (frame) made of n separate elements (beams~
columns) joined rigidly at their interfaces, and given a set of
boundary conditions of the displacement type, an analysis is per-
formed in whic.h simplified (linear) mechanical properti.es are assumed
for some of the elements (columns) 0 This analysis yields a set of
displacements (joint rotations, story sways) for the interior of
the structure, as well as the associated set of element-interaction
forces (moments, shears). In the next step, those elements for which
idealized properties were assumed are analyzed one by one for the
boundary displacement's (end rotations, sway) determined in the first
step, this time using a more accurate description of their mechani-
cal behavior. If this analysis indicates higher boundary reactions
for these elements than those calculated in the first step, then
the entire structure can resist the imposed boundary displacements
with higher reactions than calculated in the first stepo
The argument will make use of the notation of Section 1 0 20
In order to simplify the writing, it will be assumed that there is
only one element, designated by the subscript n, for which an
-144-
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idealized mechanical behavior has been substituted o The result will
be established for the rates of the forces, displacements, etco, at
a generic time t, rather than their total values at this time 0 The
total values will satisfy the same relationships if the requirements
on the rates have been satisfied throughout the interval O-jt o
The rate principle (1 0 5) discussed in Section 1 0 2 contains
two terms, the first of which represents the summation, over all the
elements of the structure, of a quantity w.
1
defined as the sum of
Forw.
1.
the dot products of all force-rate vectors acting on the i-th element
L: t...t..j ~J 1.Jwith the corresponding velocity vectors~
brevity, the index j will be dropped o
In the following, the superscripts 0 and * will refer
to the idealized and actual mechanical properties of the element n,
respectivelyo In addition, the superscripts 1 and 2 will refer to
either of the two displacement-rate fields ~s ..
~J
and t ..
~J
obtained
will mean "a force-rate vectorThus,properties at element
by analyzing the structure with the use of the idealized and actual
~olf
n
acting on element n, calculated by making use of the idealized pro-
perties of element ,n in conjunction with the displacement-rates
the firstnFor elements other thanbelonging to the field .; 11s.. •
~J
superscript is redundant since their mechanical properties are not
altered; however, this superscript will be retained in order to pre-
serve uniformityo
at some points on the
The loading case for which the statement is to be examined
~
orbconsists of prescribed displacement-rates
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boundaries of the structure, In this case the second term in Eqo 1 0 5
vanishes, and thus the two solutions (with idealized or actual pro-
perties, respectively) are characterized by:
E W~l = minimum
i ~
CA,1a)
ie2~ W.
i ~
minimum (A.lb)
Moreover, by equating the internal work-rate with the
external work-rate it can be seen that:
(A.2a)
= (A 0 2b)
where are the given boundary displacement-rates and the
corresponding force-rat~s as calculated from the internal forces of
the elements lying on the boundaries.
Finally, it will be noted that the displacement-rate field
.
~S.. can be considered an admissible field for the purposes of
~J
Eq. (Aola), and conversely the displacement-rate field ..;.s ..
1J
is an
admissible field for the purposes of Eqo (Aolb). Thus, those two
equations can be written:
~ Wo.1 02~ <,L:W.
i ~ i ~
or
or
":k2
L: W. +
i ~
O! = ~ W~2
i 1.
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(A.3a)
(A.3b)
where a and ~ are positive quantities.
To express the condition that the use of the actual mechani-
cal properties of element n, in conjunction with the displacement-
~
rates s .. , leads to higher force-rates at the boundaries of this
1.J
element as compared to the idealized mechanical properties, one may
write~ or, since the corresponding relationships for
the other elements are equalities~
L: W~l '#'(1 L: Wo l + ~'''I< ~ W. or Q Y = ~ W:~
i ~ i 1. . ~ i ~1
where y is another positive quantity.
(A.4)
Substituting (A o 2a) in (A.4), (A.2b) in (A o 3b) and noting
that the right-hand sides of (A.4) and (A o 3b) are identical one
obtains:
Hence, if it can be proved that y >~, then the fact will
have been established that the boundary force-rates exceed the
corresponding values -+01R ,
n
at least in an average sense.
273.45
To find the conditions under which y >~, (Ao3a) and
(A~3b) can be rewritten in extended form:
-148-
Adding these two equations, rearranging terms and noting
that:
wo l *1 Wo l "k1 01 "'~1 Wo 1
=1=
'1(1
= w. = w o ••W. = W:~ o 0 0 but WI l. 2 2 l. l. n n
Wo2
'1(2 W02 -k2 02 "k2 but 02 +=
"k2
= W = W o ••WQ = W. o 0 • W W1 I 2 2 ~ ~ n n
one obtains:
"'''2 W0 2)Y = e+O!+ (W'~ - (A o 5)n n
Thus, in order to have y >~, it would be sufficient to
show that:
"k2W
n
(A.6)
Since the displacement field t.. is not known, it is not
~J
possible to verify that this inequality holds. Therefore, it is not
possible to complete the desired proof in a rigorous manner o However,
273.45 -149-
it will be noted that, due to the presence of the positive quantity a
in Eq. (A.5), the condition (A.6) is not strictly necessary to ensure
that y >~. On the strength of this observation, it may be held that
if the condition:
> 0
written for the known displacement-state can be shown to hold,
then, this is a sufficient indication that a similar inequality will
also hold for other, reasonably close displacement-states.
It can be shown that the relationships written above remain
unchanged if the second,-order terms corresponding to the "P.~ effect"
are included in th~expressions, provided that the total vertical load
F acting above the story s does not change during the loading
s
process.
27~.45
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